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Inversion Formula

Den For >30
,
the Gauss Kel is

: R-

x-exit At

↳mal In fact
, hy(x)=+x

and Sphadx = 1.

It follows that for X0
, hy(x) = Th ,

( * ) .



If We compute

h(x) = /*Initx
- x+ d + Six+

=
=xix

=x



Further,

1x(xdx= d

=
= arctan(u)
= 1

.



Luma 2 If fel() , then for all x30 ,

fxhy(x) = Seceix

If Let's compute :

fohx(x) = [f(x-y)hyl
= Sf(x-y)/ee unity da
= SeXel(fex-y)eunity dy at y y

i



= Set)(f(y)enity ya
=

LetEnixtfly) eaty dy o

=

Se-Xenixtt dt

Lumm3 For all f + Lbe(IR) , x E IR,

no+ fohy(x) = f(x).



& Again , calculate :

+xhx(x) - f(x) =

(fx-y)hxlydy-f
= J If(xy)- f(x))hylydy Il

=S (f(x-y)-f(a) thlyxx)y
= ,

du= dy

= S(f(x-yu)-f(x) h ,
(a)de



Since f + L'(R)
,
70 St

. If(x)) < CVEIR .

Thus the integrand is dominated by 2 Ch
,
(4).

As x+ 0+, f(x-Xn) - f(x) locally uniformly in v.

So by dominated convergence,

frh
,
(d) - f(x)0

Im (inversion formula] Let feL p (l) and assume FLIR)
as well. Then Ex + IR, *

* Grf = f
f(x) = f( -x)



Cor

=



of The claim is equivalent to

f(x) = ]fy)exy
For X30,

f * hy(x) =Sexeix

by Lemmen 2
.

As X 05
,
the LAS --f(x) by Lemma 3.

The RES integrand is dominated by If(t)) , so by
dominated

convergencor,

f(x)=m Sebt) Ftextdt:text



Cor iT : SEA with characteristic polynomial X* -1 .

=> the only eigenvalues of IT are 1
,
Ei.

Pop Let f(x) = e-**. Then fig and F = F.

# Observe f(x) = = 2xxe
- **

= - 2xf(x)
.

In fact lexa) , f is the unique solin to this difflegn up to

scalar multiplication .
We have foo why? ) s FI and

~

we can compute

(f("(y) : )(-2nix)e**
-2nixy
a

= :S (e-x)on-znixy ex



n = e-Lixy dr = Ce
***) do

- πx2

du : - Zige-zixy &n v = e

= Ly(f(x)e
=

- ziyfly)
By the diffcequ , Fly)

= ce
*
Y for some constant c.

Since Y(x) = fl-x)
,
know = 1 => c = =1

.

Since

F(0) = Je
**
dx no

,
we must have = .



re
*
x= No elementaryexpresa

e-xi

If let f(x) = e-**. By the proposition,

1 flo) = F(0) = )eX-zix d

: Se-dx
Now Le*dx=edu =
=
du= x


