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Fier Transform

Idra For a non-periodic function fi-C,
consider

-

f : R - I S Fourier transformUnjfe-Zir dx .

off

To what extent can we recoverf from F ?

DiscussionTo what extent is the Fourier transform
-

similar to different from Fourier series ?
·New Vett · still integratingf against e
· (f(n)Inez met FiR- no longer integrable

- not an inner product



· Need to determine a good
Convergence Therems Ldomain for It
Dominated convergene (fniR+) ,

a sequence of functiona

converging locally uniformly to fil -> & . Suppose Fg :R-,

such that /g < * and If(x)g(x) EXER ,
neN

Then Spfn , Spt exist and Im If : Spf

Et [ritmer , 2 . 1 . 1) .0urith



Monotom Convergene (fn : -Myo)
,
a sequence ofa fis,

fun(x) > fu(x) VneN , XCR
,
f a continuous for sit fat-f

locally uniformly . Theniolpth : Jef-

If [Deitmar 3 . 1 .2] .

It



Conation

Refr Li (1) : = [f:R->4 If bounded its
, Sulf < 2)

For fe(j,(R) ,
recall 1/flly = Sulf) is the -norm.

It's really a norm :

· IXfIl ,: IXIII,

· IfII
,
30 with equality iff f = 0,

· Ilf +gl, If/l , + 11gly ·

#e In particular, Li(M is a K-vector space -



&incover Let fig : Ly, (4) ·

Then the function

fig : R-

x- [f(t)g(x-t d

is well defined and called the convolution of fig ,

and figtLic(IR)
Additionally ,

for fig, h = Lbc (12).
(1) fxg = gmf
(2) fx(gxh) = (f *g) th
(3) f x(g + h) = fxg + fxh 1g



It Assume (g()/C FxeIR
.
Then

1(f(Hg(x-t))dtC)If(dt : If,
so feg is well-defined and bounded. Now check its :

Fix Xo1R
, assume If(x)) , Ig()/ < C *X , go.

For a given acO
,
FT < /xo) such that

se S Ifculat < (why ?)
Itk T

A ↳

Claim 7870 st
.

(x125
,
(x- x( > S => (g(x) -g(x))Tg ,

srhy?) In unit its on compact [25, 2T].



Them for Ix-xol < S,

1[Ifig(x-t)dt - [f(g(xo - Hdt)
= [If(t)1g(x - t) -g(xo - t))dt
->

and

1Hllg(x-t-g(x-tldt2)It



Taken together, these imply 1x-xo1 < =>

(fig(x) - fog(x)) < d ,

so fig is its at No
-

Now chuck Ilfogl, D :

11 fogl , = Slog) = (fg(x-d

S(If(t)g(x-t)ldtd
=InSirIf()g(x-t)/dxdt [Fubini]



= SIf(dt · Slged why,a

= IIfIl
, Igll,

commutativity , associativity , distributivity - ex.

D For feL
,

(R)
,

the Farrier transform of f is

F : R - 4

~ -> F(U) :=Sf(xe-zix
# (F(01) = SIf(e-zix/da = /Iflax = If, ,



so f is well-defined and bounded for f + L'CI].


