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Egenbasis Method

Loperator on LCS) or ((la,b)) (xword)

↑ operator on E(Ryo) or (10) (tcord)
vor (a

, b]
Goal Find u : S' x 10 - D Satisfying ((u) = T(u)

and boundary
,
initial conditions.

Separation of variables seeks a solution of the form
eigenvalues

u(x,t ) = [P(x)tu(t) : real
(1) Boundary conditions on x determine D(2) .

Show (Hermitian.

(2) Find an eigenbasis for L : orthogonal basis (On) of H : (s)
with PuED/L) , Lo : Yntn for some XnIR.



(3) For eachn solve the ODE Thn = Xuth for An

(4) know L is diagonalizable rot (Onl ; hope T is as well not In.

Then ukit) = [Pn(x)tuct) isa formal solation to

Lu = Th
.

Remains to check initial condition
, convergence,

and validity of +90St
in (4)

.

At Flor diage

then 5 basis V
. S ., Un

of F" S .
t.

Tools for uniform convergence 1) UAU =diag(X-Xn) Et (2) Avi
: div :

Recall a sequence of fus fu:X * - & converges an only
to fix-> & whe &30 5Nst . EzeX

,
n >N

, IfnCzl-flztks -
↑
ind of z !



Lemma (fr : X+ C) converges uniformly to fix -> iff

Ifn-fllg = 0
.

I
.
e . uniform convergence

= 2 convergence

for 11g/a =sp Igizl

If Let dn := Ilfn-fllo =Sup
Ifuz-fl.

(E) Supposeim dn = 0
.
Since Iful-flE)kdn FzEY,

fulz)f(z) with rate independent of-

() Suppor #ECO FN s .t . EzeX
,
n > N

,
we have Ifuzl-fllk

Thend. so do -0 .
W



Wierstrass Mtest Suppose #X = C
, gn

: X+ &,

M> 0 with [Ma convergent , and IgnzlMn EzeX.

Then [gnlz) converges absolutely and uniformly to some
fix -> 4. .

# Observe Inz)/gnMr =Mal
Since [M

, converges , its partial sams satisfy the Cauchy criterion,
so the same holds for [quCEl , ind . of z.

I
. e . Ign is uniformly couchy => uniformly convergent.
All this holds for [Igul as well , so Ign is absolutely cour · too.



Limitsr. integrals and dirrative Riemann
y

Th Let (fr : lab)- 4) be a sequence of integrable fas

converging uniformly to f : (a , b) -+ &. The

"f(xdx=f(x =mfx
If AW.

Limits must converge with derivatives too ! Right
?
... right ?



E
.g
. Set fu(x) = (x) -> (x) uniformly in xn-> a

We have fu'c) = 0
,
but I is not diffc at 0.

Nonetheless,

TheLet #X K open ,
fu : X- I diff' converging

pointwise to fix- C . Suppose each for its and the

sequence fr converges uniformly to some g
: X -> K.

Then f is diff and f"(z) =g(z)

Cor If [gi(z) converges uniformly ,
each go is its,

and Tgn(z) converges ,
then /[gaz)) = [qu(z) . PEEXE



Fix at X
.

WLOG
, assume X

: Bu(al for some -20.

For fixed cal, define neilsee+ +z + (1- ta

Then nz(H = z-a and luzlt-ald Iz-al ,
with uz(0) = a

,
uz(1) = z

Compute [Flirfiluzt)n(t) at in two
wayso

By substitution , I:in (fu(uzi)) - faluz(d))
= f(z) - f(a)

.

O

On the other hand
, filu(t)) converges unif on to

,
13,



C I =% 'lim filuz(t)ut)
= /j 'g(uz(H)(z -a)dt
= (z -a))) gluz(t)) dt .

O S'g(a) at

Since D = Q
, futaga) : (g(tdt)-

: Sigluzt)) -g()) ot

Thus (ffcl-g(a) < J /guz(t))-gallet



2 f'(z) =limf = gl

Back to PDEs...

Wave equation on S Girum F
,ge LCS') , find u

:S'&not

sit
.

(D) u(- , t)eC"(S)
,
u(xo,)eC(Rol

(IV)im uxit) =f(x ,t = gx

(PDE) -En

Apply the eigenbasis method : (= T=



know is Hermitian witheigenbasis Cenlnez and

associated eigenvalues Xn : Min = (ziul > 0
.

Set Knital.

Have f = [Flulen
, g
: [g(n) en in 12

Our ODE is TH = Xnt
,
i
.
e. " = - kit with solutions

↓(t) = Cocos(1+ )+ sin(t) for u +0.

where Co : Inco = f(n)
,
C

,
= fr(d = g(n)

i
.e. tn(t) = F(n) cos(knt)+ sin (But(

Thus the wave equation has formal set'n



u(x, t) = f(0) + tg()+[enCxtnt
See 12 . 3 Hau for proving this converges, etc.


