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Recall the heat equation on s :

--

Given f("IS) , find u : S' x Ro -R such that

(D) For fixed to30
,
ul- , to) CCS')

,
and for fixed

xotS'
, u(xo

,
-)eC'(IR>o

(IV) ExeS'·muxt) =f

IPDE) -:Ot

Potential solution
u(x

,e) = [f(ulen()e-init
ne2



Remains to justify :

regularity : [Fuen()e-Yin't converges to

Co fr of x , Co fr of to

Erim luct) -f l =
& or 20 for felsl)

uniqueness our solin is the only one satisfying
(D)

,
(IV)

,
(PDE).

To
prove regularity , we need to understand how deay

rate of Fourier coefficients impacts differentiability-



#m Fix jb1 ,
feL (s) · Suppose JKEIR , paj + ) s

.

t.

Ene -10)
,
If(n)) = 1 .

Then the Fourier series of f
In/P

converges absolutely and uniformly to some ge CPCs)
such that g())(x)=(in))nl

and fig a .
e.

Efidea The Fourier confficients of E (nin)fcrenl

satisfy /(inf(u))" : [ 12in 12 /(n)> [C]]Thp-2j
Now 2p-2j >.2 so the series converges · I



&r Let fELTS)
. Suppose FPL2 5KpER st . UneE20S ,

IF(n)< ·
Then the Fourier series off converges

uniformly to some ge(*(s) with gif a .m.

Now back to regularity : ↑Fen()e-Mit converges to

Co fr of x , Co fr of to

For convenience
,
write u(x,t) for this series· Then for fixed ton o

-

u(-t)(n) = F(u)e 4
+2n to

↓

Since feLS),im fin = 0
,
so in particular ER0

18(n)/ < K FnEN.



Thus If()e-Mintol < Keto) inup Up
-

by the corollary above , ul- , to) -C
* (SY·

Smoothness in the other variable is similar.

Ne Even though a(- ,0 = f need not be smooth ,
or even its,

ul-
, to) is smooth FLOLD·

Now on to ENim luxit)-flo
& or 20 for felsl)

Pfu(xit) - f(x) = [Fulen()e-Mnt -[F(u)en(a
= [Cean't-1)f() en (1) .



If g(t) = Put ,H-fll" , then by the isometry throrem,

g(t)=ment( (F(n)
For two , osen't as soIf

By the
M-test with Mr= Fink

, g(t) converges uniformly
to a continuous function on Ra

,
o . By continuity,

Him Dul-it-fl = g(o) : [ll-eIful
=

-

Thm
#additionally fec'ls') , then imHul-t-fll-
Reall IIglo = sup3/g(x)/) , so this is pointwise convergence.



Them [M-test]
* =K

, fu:X+ , Mo

such that ExeX
, Ifn()/[M

m
and [Mn < 0·

Then (f) converges uniformly to some fix -+ C.



IfThe assignment (t) = /lu)- , t)- flo is a nonnegative function.

By the squeeze throrem ,

it suffices to construct hiRo -IR

Its st
. y(t) = h(t) with h(0) =0· y=h(t)

st hit)=-ent
Wehave n(t) =Sup luxt)-fl

=/[et_1e
sup [et-Fen



=spIent
=Element-1/(F(n))
= h(t)

·

M => unit cour of its summands = Its
-



Finally, uniqueness : Suppose fects) ,
u

: S' x 10 - 1 sit.

(D) u( - , +) + ( (Syft >0
,

u(x
,

- ) = C(R>o

(IV) u is cts and u)-
, 0) if

(PDE) FE0 .
An=

Then nix, +) =[ f(ulen(x -At t

To
prove

this
,
we need the following :

Im Suppose fe CIS) .

Ther the Fourier series off convergy

absolutely and uniformly to f.



Ex-DerivativeLemma If ge (S , themI
converges absolutely.
#emma Oberve that (an)me , ani0 is in 127231 .

Since geLS') has"-convergent Fourier series , (gcull) = 12(3)·

Thus S(g)1) , (an)) = (g)0)1 +Glyn.

We have frcs) and F(n) = Zin F(u).

By the extra derivative lemma,

1/2in//f(n)) = (4)



Sut g(x) =[Fuen . Byan -test with Mn : Ifl
2(x) converges uniformly to a fu in (5).

Since g(n) = f(n)
,

f = g are. Since fig both cts,

we get fig on the nose. W

#uniqueness Since ul- ,tolecs') for to >o,

n)
, to) converges uniformly to its Fourier series·

Set talt) = n (m) : Tulate- (x)dx.
Sinceu is CIC'

,
we can differentiate inside the integral :



tict) = Se.

=ex

= (Latin)
*

In (t)

=

- 4+ n2 4n(t) ·

Since In(0) = F(n) , we get tait) = Cue ain't.


