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Operators on Hilbert spaces

In preparation for our treatment of PDE's via the eigenbasis method,
we develop the language of (Hermitian) operators on a Hilbert
space .

Per Let it be a Hilbert space. An operator onH is a

liner
map
T : OCT) -> # where EST EF·

=
.

g .
X = S

or Ta
, b]
,
F = ((X)

.

Then D : C'(x) + It

is an operator on It.
fre - if

#e D(f) =[ 2inle



Eg. For It a separable Hilbert space with orthonormal basis
B = (en)n1 ,

define

Fo := &mentall but finitely many c = 03·
Define operators M .

1 on it by formule

men)=
1(en)=

with D(u) = Flo , D(l) : E.



Eg. More generally , for 2 : 21 -> & any function,

=
defines a linear operator onIt with D(a)

:To

Defi Such an operator is called a diagonal operatur with

respect to (en)

E
.

g.
The operatorDif - if on 45') is diagonalized

by the standard basis Coulnet



De An operator T on It is bouded when FM30 sit.
↓fest

,
llTfill = MIfIl

.

The TFAE : (UC) T is uniformly continuous
(CO) T is continous at 0-D(T).

(B) T is bounded.

If AW.

Hermitian and positive operators
Defr An operator Ton It is Hermitian (or self-advent
when Ffig = D(T) , <T(f)

, g)=(f , T(g)).



Remark Bounded operators on a Hilbert space always admit

an adjoint T
*

satisfying [T(f)
, g) = /f , Tog)·

(This is a
consequence of the "Riesz representation

theorem" (
Hermitian operators satisfy T = T*.

operator : Hermitian operator : complex s : real #

E
.

.

g.
Consider D : fr-if on LCS') again , with DDD) :CIS).

For FigEC'(S'),
[D(f)

,gl =)
= (i)f(x)g) 10 - J.- i(f(x)gd



=Fif +1 if(xgd
= S! f(x)(Fitg(x)dx
=If

,DigY .

Thus D is Hermitian.

& For which aiN- is a ([onen) = [acutane
Hermitian ? (It Hikert space with orthonormal basis (en)

A Saleen)
,
Senen) : [Islaken

, Eden) En.
= [anlenn [inan iff an)eR



E

g
g .

The Suffo : [Gen-cents is a non-itermitian

operator. (moral exc-not Hermitian)

Ihm LetT be a Hermitian operator. Then #f = D(T),

< TIfA , f) is a real number .

If By conjugate symmetry, (f, T(f))
: [F),

but the LHS also equals (TC) ,f) by self-adjointness.
Thus <T(f)

, f) : [if) is real

Def A Hermitian operator is portive when (T(f) , f)x0 for allf.

⑪ Can have <Tf
, f) = 0 for fo.



Eg. On (15)
,
A : fre-f" with D(A) = C&(s) is

called the Laacian operator. Observe :

(Alfl
, g) = -SW

+ J! f'gx)dx
2

= <fig) .

Similarly ,
Ef
, Alg)) = If, gl] so A is Hermitian.

Moreover
,
(A(f)

, f) = If /l >0 so A is positive
E.g. A diagonal operator associated with 2:+I is
positiveiff60 n.



Thm A Herritian operator's eigenvales are all real . If the

operator is positive , then the eigenvalues are also nonnegative.

If Suppose T : D(T) -> It is Hermitian with TCf) = If

for some feD(T) v0.
.

Then IRGYTf)
, f) = <Xf , f) = XIfl

=> XCR . If T is positive , then <TTf)
,
f) > 0 coX, 0 .

Im Let the a Hermitian operator , lu, ..., and a set of eigenvectors
of T with distinct eigenvalues i ...., in .

Then Su , ..., and is an

orthogonal set.



If Wis : Suuj) = 0 for itj.

know : <Tui
, uj] = Sui

, Tug) Intermitian]
Leigen)/I II

xiui
,uj) [unjuj)

II Il

Xiui
,ug) j(ui ,uj)

so if Sui
,> + 0 => X =EjX;

eigenval of Hermitiantoe



Egg. Let It = < (5') , D(f) : -if' , Alf) = -f"-

Laim CenInet) is an eigenbasis ofD and of A with

eigenvalues zin and Hi
, resp.

2TinX

n D(en) = (i) Zit in e

= Zinen

Alen) = D(D(en) : Minen


