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Riemannvalues

Defn For see with Relsk 1
, define

3(s) = [ii
this is the Remanu3function.

#tes o Basic tools from complex analysis provide a unique
meromorphic continuation of 3 toK /with simple pole at s= 1).
· Riemann hypothesis : If 3(s) = 0 and O<RCK1

,
this Rels) =

I.

Ihm [Erler, 1737] For ReCsk 1,

3(s) =Timeps



If Each term its can be expanded as a geometric series

It I + = + - -, which converges absolutely for Re(s)> 1.

P pas P

Note thatPos = (l +++ ... )(I+ + +)
=I+++

=Fanst
Proceed by induction on max size of prime factors to get

Th#p = 3.



For There are infinitely manyprimesmplsinma)
# N = 1 + = + + + ... 3) =T=
forThe asymptotic probabilitythats randomly selected
positive integers share no common factors > 1 is)
& We haves = (T)" : T-5) .

Nor

= Prob(s
pos integere all

divisible by p) (why?

- 1-
= Probat least one of positive integers not div by p).

By independence , it = Probls pos integers share no prime factor).



⑳ Suppose trees are planted in a square grid and

you are standing at 100) .

Pick a tree at random.

The probability that your view of the tree is not obstructed

by another free is is
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Gal Compute 315) for se&2.

We will fail ! We'll get J(25) , six / integer
3(2st1) - unknown !

Bernoulli polyaminals
Today's convention : define functions on 10

. 1) then extend periodically
Inductive Defu B ,

(x) = x - *

B(x) = Bu(x)

S'By(xdx = 0



& Are the Bulx well-defined polynomials ?
② Determine Br(x)

.

du

-

Let's compete Bu(n) = % Ba(a) e-Linx dx

= Bali h ,
(x)dx

= FinBu(x)+

=Bid
=in

Bu
,
(n)



Since B
, (n) = /"(x-e-zindx =E compel

we learn that

ET(u)=in)

Thus the Fourier series of By(x) is

che
&aim For K71

, By(o) = By(l) => By its on S' and

the Fourior series converges pointwise.
prise convergence

↓ of Fourier

If Bull) -Bald = ).Burdx = 0 for K71 + IOU Serveof ets



#m Bas(0)=s
for S31 and

Bast(0 = 0 for 25 + 171. cancelling In terms
In particular,

3 (2) = (- 1)5
+ 1

223-142 Bys(0) ·

Top The polynomials Bu(x) have generating function

1 + + B
,
(x) + tBy(x) + f By(x) +.. .= It, x)



If Define f(t ,
x) = LHS

.
Then

& f(t , x) = t 1 + t B , (x) + EB
-
(x) + ... = t f(t , x) -

Thus f(t , x) =((t) · et *

for come C(t)-CI + ]·

To compute (Ct) ,
observe

Sjf(t , xdx = jidt +[t]
= 1

while'Che dx = ((t))'edx = (()exc
Thus (C)= and fit, x):



Evaluating at x = 0 gives

1 + t B
,
(d) + + B2(d) + fB

,
(0)+...

=> 1-E- =B( + +Bu(d + t B(0) + ---

-

Taylor expand:
Hence B2(d: = 3= *

But = Prod) sita
60 .
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