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Weyl's equidistribution theorem

For xER
,
let (x) denote the fractional part of X-ie.

o<(x) < 1 and x-(x)eX-

Th [Wayl] If Vis irrationl then for every
Ozab11 ,

+ res,nb/acrU)b/ba
<50]
18SUM Note View [x) as a representative of x+I

in R/z = S.

Equivalently , looking atedix



Ihm: (Weyl] Suppose Virrational . If fis" -> & is continuous,

thenS
if that Thi 2 = Thm 1 Fix 30 · Construct Fr

,
f
-

:S'-IR

s that (a) f
+ (t) > 1 > f-It) for /a, b)

·

(b) f
+
3
, 0

(c) f- (t) = 0 for te[a, b)
(d)(b -a) + x4(g , f+ ·
(e) (gif- 3 (b - a) - a



ThenIf (rU > Kres ...nb/Srv)ctab](f-(·
(rU)

By The 2 , we can
take for neN ,

In(U-
and thus

a + Sift > Kres.nd/Srv) = [ab])) = Jf. -a

=> 22 + (b-a) = h)( +3)/((rr) + ta ,b))(, (b -al + 2a -

Since I was arbitrary , we conclude that



/dress.../( <rr)Eab)) ba

#Thms Write Guif) :=fir-Sit .

We aim to show Gulf)t 0·

Sept If f = 1
,
then Gn() = inn-S1 = 0.

52 If f = e
,
se[40)

,
then Cs(x) = e2ix

Kn(es)) = /zisr-je



=List -
= /eisei
=
is

-1)
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5 If freenotdependonandOea
Gu(f) - O as rel by linecaridy of J.



Set If fig t((5) and Ilf-glo-
(i.e . Ift)-g(t))[a FteS')

,

then "Sup If(x-gel
IGn(f) -Gn(g)(f(rv-g(Ul + If a

[2 + E = 22 Fn30 .
CesaroSum

off
# If feCOs) and CLO

,
then there is a tring poly

↑ with (P()-ft)/EE Ates'
· By Step 3 , we can take

N Sto IGn(P)/ for niN . By Step 4,
Ian(f)-Gn(P)/ and so



Kn(f)( < /Gn(P)) + 1Gn(f)-Gn(P)/aa
for all n N

.

Hence I6n(f)/ to as n+ *

Challenge Adapt the above proof to show Wey's equidistribution
criterion : a sequence (ar) equidistributes mod / iff

N2risa,
= 0 Asto.im

&hallenge Show that ((I)") does not equidistribute
over R/2



Mutedimms : If U
, ...,Vi are irrational and

dimo spand ...Uh3 = k+
the

(SrU,)
, ..., [rU))

-
equidistributes over
-

(
RY/zn = (5'b For S&/zk

measurable,
lim /Gresb-, NG)
N ->-

(rYL ... -, SwYm))eS]]
=u(S)


