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Besel's inquality Ilfill = Ifll.

If Recall fr =finen = projf wea

Fr = spander
, ...,

ev] * LES) is the subspace of degree
N trigonometric polynomials.

f

We have f-fotfor #
so by Pythagoras
If = 1/f-fr "full = llf-fulf= Ifwll?

um

30



Lin The Dirichlet Keel IDN/NEN) is

DN(x) :=e
The Eyer Kel [FN/N = 1) is

Fr(X)=() Cd
the For feCPS)

,
fRDw = fN and

fr Fr=h

If By linarity of convolution , it suffices to show that



fre = f(n) 2
,
and indued

(foen)(x) = %'f(ten(x- t)dt
= %f(t)e- (t) en(x)dt
= <f

,
en)en(x)

= F(n) en(x)
.

De The Nth Garo su of the Fourier series off is
su(x) : = (fxF)(x) ·



Lemma For XS'
,
10

,
and N31

,
we have

Dn(x) = S
sin((2n+ ) + x)/sin(nx) if x+

2n + ( if x = 0

Fn(x) = (
sin2(Nex)/sin (nx) if x +0

N if x = 0.

If Let g
= e***. Then

Pn(x)==Gugu)Jg
ifa

if x = 0.



Noti
and q-qk = zisin(kmm)

, giving the result for Dn(x).

Now Fr(0)= (b)=
For X+0

,

Fr(x)=
=



=g)
=[

=
= SM



Th The Fajer kernel FN is a Dirac kerml
.

if The expression Fr(x)=
Sin2(Nox)/sin(ix) if x*S

N if x = 0.

demonstrates FN, 0 .

To show"F = 1
,

it suffices

to show JD()dx = 1
,
which is HW.

To showlimFx = O
,
firstp

for SEE CalsoHW). ↳



I If IKN) is a Dirac Kernel and feCS) , then

(f +Kn((x) f(x) uniformly on

#etch First prome

hmm1 Fao 508, (d)< St
. FOSS (d)

,

XeS'
,

new

/of(x-t-flut at,
Then

prove
↳28

,320 JNz(S , <) eN st . Un>N2(f,ad , yes'

St? If(x
-t) - f(x)(lkn(t)/dt < En

-



Now show that axO FN(f, EI st . Oxes' net,
if n > N(f

,2) , then /(fRkn)()-f* ka-which is

uniform convergence
! I

Cor For feCS) , the Cesaro sum

s(x) = (f+ Fr)(x)=(
converges uniformly to f(x) on S as N = *

If FN is a Dirac Kernel
,
so the the applies.



Eversion Thm For feL(S)
, fr = N-th Fourier polynomial off,

↓in llf-fN =0

ofSuppose fol(s) and 230
.

Since CK') is dense in LIS),

Ege (o(s) with Uf-gIk . Since swig] -g uniformly,
it also converges to

g
in L norm .

Thus I MEIN s . f.

llg-syll - E

By Aineg
,
If-syl = Ilf-gll + 11g-si < 2.



By Best Approxin, trig poly

Ilf-full = Ilf-1

Since Fourier polynomials give better approxins as N- *,

if N > M
, uf-fullllf-fullse isometry

↓

Gr Conne is an outhonormal basis of Li(S1) = 1 (2)
fu (Hn +2

Lor For tige LIS) , TEAthe followingequivalent
① fig aem

Lebesque
② f(u) = g(n) Ene.


