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Fourier series in L"(1

B = Culnes for en:x1-etinx-(215) S' : R/*

& Why is ene Lis ?

[ Fin+& Why is B an orthonormal system ?

[ Clen1 = Sie : Secu = Sol = 1&xEIR

10

·Herbyenem



For f + ((s)
,

the th Four officient off is

f(m) = <f, en)
= Sjf(x)e)dx
= J'f(x)e-2inxdx4

The Nth Four polynomial off is the projection of f
onto spande-v, .., end , :

.e

fa(x) := fren(



The Four series off is

Fif](x) : = vmf(x) =Fine

Eacts. Call sparkler
, ..,enterprod gametric polynomials- -

ofdegree N
.

For W&V
, proje is the rector is W

IfP closest tov : proj
=

argmin Il
we W

monotonically
increasing se

Thus f(x) is the trig poly of degree N best7 approximatingf in"norm .

(Best Approxim Thin
· Besel's inequality II fall = If .D IOU.



· By the prof of our main theorem from Friday,
& F(nl/ converges so

,
in particular , we have the

n= 2)

Riemann-Lebesque leaim F()=

· If B is an orthonormal basis
,
also get

Pareral's identity
:1IfI=* Iful,

Forthcoming goal :
Inversion Thm I is an orthonormal basis for L(51).

f = #(f) in LIS)
,
and (*(5) = -(2)

fre (f(u))
nez



* Equality inLis not pointwise convergence·

Later we will show FIf) converges absolutely a uniformly
tof forfeccs) - and something similar holds
for COCS') !

I an algebrain
kernel

Convolutions & Kernets

Fourier series have a useful relationship with an operation
called convolution : Forrier Series : convin : rings

: multin

D For fig =Cs') , the convolution foge (5)

is given by (fog)(x) := fix-eg() dt.
X-



Morex t + f(x- t)g(t) + C
°()

, fxg + C(5))
·

Thm· Convolution is linear in each variable
-

· Convolution is commutative fxg = gRf
· convolution is associative (frgth = fx(gph)
· For feCl(s)

, geCTS) , have fage CCS') and

(fog)" = fag.

· For fige(s) , Fig (n) = F(nig(u) .

If AW.



-

# SupposehaveaDir delta finsee

↓ ! /S(f(x) da = %%
-

Ther f *S( = )"f(x-t) f (t)dt = f(x -0) = f(x)

E F()(n) = F(n) = J(n) = 1

i . n . foS = f -S is an identity for the convolation opin.
Now suppose we want to show lin fu=f , and we have a

such that fo:fr andIm Kn = S. Thei



Imf= f*k = flim =-

-

Cer A Dirac Ke on
S' is a sequence of continuous

Kn : E, ] -> A such that

(1) Kn, 0

(2) (""Kn(x)dx = 1. 1- "In

(3) For any
630,mK=
->& What do we learn about 1 Kn(x)de ? 80
n - N



Lin The Dirichlet Keel IDN/NEN) is

DN(x) :=e
The Eyer Kel [FN/N = 1) is

Fr(X)=() Cd
2025.

.

S

the For feCPS)
,
fRDw = fN and

fr Fr=h

If By linarity of convolution , it suffices to show that


