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Inner product speces (and now will learn really well)
An inner product sace (V, 1 .3) is a K-rector space

V equipped
with a Heritan form <

, ) that is positive definite.I

· linear in first variable · (x, xYERso with

· conjugate symmetric ↑x,x) =0 iff x= 0

r-



Cauchy-Schwartz If V is an inner product space, then
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. (triangle inequality
Recall v is othogonal tow when S ,w) = 0 : in this case

write VIW
·

For SEV
,
the orthogonal comment of S is

st = Grev/vses] [



The orthogonal projection of v onto w is

proje :=w -
exponent of along w

Defr A complete system in an inner product space V is a

family lajdjes of rectors in V such that Sajb
*
= 0.

casehe it contains a countable complete I
formally : a : T-> V trivial

subspace
303[V



· To have St = 0 means that

GreV/ <v
,
s) = 0 Uses] = 0

# it /v ,s) = 0 Uses then v = 0.

· Note (r)-er is always a complete system
separability demands a "small-ish" complete system

Eg. Bases are completesystems.

Note en Ef : Guz ....,n + D)



Eg let e(N) = (f : N+ c /[fin)( < d)
with Ifig) = [fulgh) .

For jeIN , define ej=l (IN)

by ej(n) =3 if =j a These es
if noj exenijx

Since (f
, ej) = [fule) = fli)

we learn that (ejjeN is a complete system
and l"(IN) is separable·

Def An or the normal system in an inner product space



is a family (hiljey of rectors in V such that

[hjchn) = Sp=J Notehili
/

Kronecker delta = VT = 1
An orthonormal system that is complete is called an

oronormal basis.

E..g. lejbjer is an or the normal basis of 121N).

Eopvery separable
inner product space admits an orthonona



of Let lajjew be a complete system and apply Gram-Schmidt:

WLOG
, every finite subset of a; is lin ind.
/

without
2 p=allloss of :

generality
·EnGame

projejak+
eb ,: & Why isn't ef = 0 ?
: A By liv ind of aj

If V is finite dimit
,
this terminates to produce a basis.



If V is infinite dimil
, get a sequence (e;/jen that

is orthonormal.

Suppose Ch
,ej) =0 VJEN .

Then (h
, aj) = 0 FjEN,

ch = 0
,
so lejl; is complete as well.

Im Suppose V is an infinite-dimensional Hilbert see

7.with orthonormal basis (ej) .

Then
every

element very

can be uniquely expressed as

· complete inner prod
v=e space : Cauchy I

sequences converge



A Cauchy sequence in y is (vi) :e N
-

such that E >O JNEI sit.

if i
,j
> N then 11v : -vil/ss.↓[I-In general . (vi) convergent -> Cauchy .- IveV sit .

seteness is converse.com T VaxO IN sit.

if isN then 11v : -ulk

in this case , say that
*

↑lim vi = v (in (1)



with the sum convergent in V ,
and

c satisfying
11 ·

In fact , c = [vej) and va> (1,ej))jen is an

meting V-> &CIN). In particular,
I
· linear transn VIW that

(v
,
vi)=vej

preserves inner products :

and llvl =EKrej)[Tr
,
Tv) = / ,0

· necessarily injective
if surjective, then admite isonetric inverse ;

called unitary


