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Goals · principal component analysis
data = point cloud
· variancea covariance

· outhogonal diagonalization

Suppose each trial of an experiment makes in real-valued

measurements
,
and we runm trials

.
This produce

P = [x ,, ..., Xn] EIR
-

point cloud

The
me of P is := * (x ,

+... + xn) .
The recentering of P is B = (xite xiu ... xi) ->x



We the mean of the columns of i is

De The concance max of P is the symmetric matrix.
&

S= BBT epmxm (BBT)T = (BT)T ·BT = BBT

Note Siit(ji-Mi = variance of th measurementa
variable

For itj , Sij=(Mil(jMj) = covariance of
i-th

,jth variables

· Variance measures how much things differ from the mean.

Its square roof is standard deviation.
· Covariance measures how variables depend on each other.



Def The Hold vacance of P is tr (S) = [variance of variables·

Eg m=2

· S = (9)

h
·

S = (So no
↓

Elea Use linear algebra to recognize the similarity of
Huse data

.



Spectral Thm If At R
*
and A : AT

,
then Jx , ..., In ER

and orthonormal nonzero rectors such that Ari = Xv.
Visi/ Vie

# · If P : (v, ... ) then PPT = In and

diag(X ,...,
(n) = PAP.

· For BERRMXN
,
BRT = (BBTLT-MM

**

and the spectral
theorem applies.

Lop BBT and BTB share the same monzers rigenvalues .

↑mxm Opuxn

Ef Takevan eigenvector of BTB with eigenvalue XtO ,
so

BTBv = Xv



=> MBT) () = / (Br) Imcelt on
left by B)

=>1 : an eigenvalue of BBT with eigenvector Br.

(BrO b/c BTBv = Xv +O)

Similarly ,
BBTW :X => Bi(BTr) = X (Bir) ,

so BBT ,
BiB

have the same nonzers eigenvalues .

& How should we find eigenvalues when Be1500x2 ?

1 BBT e R500 x 500

BBC R
*

2 work on this Xt(x quadration
polynomial

a X,, X2 eigenvals of BTB

BBT has eigenvalues X
, Cin ,

0.



P The eigenvalues of BBT ,
BTB are all nonnegative.

If Take van eigenvector of BTBw/eigenvalue x. Then

llBulK =Br . Bu Since IIBUll30 and 11/130 ,

= (v) (By must have X30.

= vT (BTB)v
= vi(Xv)
= X(vTv)

= Xllr/k
.

The covariance matrix S: BBT thus has nonnegative
real eigenvalues X

,
=x23 ... Xmb0.



Let u
, . . . ., un

be the corresponding orthonormal eigenvectors ;
these are the prical components of the data

Note total variance = tr(S) = X
,

+... + Xm =iT

· The first principal component u
,
accounts for of the

total variance. Ingeneral, us accounts for I of the
total variance.

· u
, points in the "most significant" direction.

· Amongut , un points in the most significant direction. Et.



Ext spandu , ) minimizes orthogonal distance from lime to
↑ I least squares

point cloud. ~ PCA

Eng. 150 iris flowers med by sepal and petal length/width




