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Goals · Direct sum
-

· Orthogonal complement
· Orthogonal projection

~Coplus
Def For U , V F-rector spaces , their direct sun is

↑
UGV : = u + V = ((u,))neU , veV)

with componentwise addition and scalar multiplication :

(u,r) + (u' ,v)) = (u+ u
,
v + v))

,

x (ur) = (XU ,
Xr).

Eg. H = ROIR



Pop Let U ,V = W such thatIf Liner v .

O guarantees
①
span (4 -V)

= W
, subjectivity. If (nv) = her

② Unv = 0. then u+ = 0 = u=v Un

Then UPV EW => u = v = 0 by0 .

140) +u+r .

The ker = O so the map is injective
Write W= V as well

.

From now on
,
(V

,
<
,
7) an inner product space over F = R or C.

↳th



A Oestr. If xyeSt , Sxxy, s] = <xs) + My,5)
= 0 + 10 =0 fseS = x+xy

Pp Suppose dimV
= n

,
S = /V
, ...,VBb=V is or the normal. est

,

O S can be extended to an orthonormal basis (V1
, ..., Va , Var , ..., Und of V.

② If W = spans , then Every , ...,n] is an orthonormal basis of St = W+

③ If WEV
,
then dim W + dimWt = dim V = n . yeX

① If WEV
,
then (WH + = W. (Similar to X : (x-3) = Y

.)
PF O Apply G-S to

any
basis extension of (v...., Vb)·

② Let S = Evars
, ...,
Un] , which is lin ind a orthonormal

.

Since S is

orthonormal
,
S'W+ => SpanS' : Wt. For xeWt

, since

sus' is or thonormal,



X = Evide
: xviv [xW

E
span
S'

so spans = W
+
-> S'

is a basis for Wt.
③ Follows directly from 0 .

⑨ We here (WH= Exe V / <xy) = 0 for yeWt W.
Now dim (WHt = n-dimWt = dimW so W = (WHt·
③

- I perp

P Let WEV .

Then V = WOWt
,
i
.
e . for all yeV there is

a unique u+W , veW+ such that y = u
+ v.

call a the orthogonal projection of y outo W
.
If Su , ..., und is an



othonormal basis for W
,
then u=Syni)U.

of let \us,un] be an outhonormal basis for W and define
n=yuilni ,

v = y-u .

Them new and
y

= urr.

Furthermore
, for 13jEh,

(v
,uj) = <y - u , uj)

= <y , nj) - [Syni)ni , uj)
= jy ,uj)-i
= <y, uj) - <y , uj) / Torthonormality)
= O thus

so veWt. Moral exercise : chuch WnWt = 0 and "the
expression is unique.



The orthogonal projection u of y outo W is the rector in w

closest to y
: By-ullally-will for all weW with equality iff U=W.

If Write your with new ,
reWt

.
Take weW

.

Then

n-w +W
, y-neW

+
so by Pythagoras, My- wll

ly-wa" = y-n + u- w/2 [Get Smart

= Iy-ul-In-wi Pything]u
> lly-ull [I-w/30)

with equality iff In-wll = 0 iff n= w.
E
.g
.

Let W : spand (1 , 10) , 10 , 0, 113 .

Determine the distance of
y
= (4

,
0
, -1) from Wi

un



=Suc
= (2

,
28,

· y -u
= (4-25,2 - I +E) with My-all :VAE = 3 . 073

Uz

U1

U

Y



Topics Spectral theorem

Markor chains -> page Rank

· cross product
· matrix groups

SO(n) (esp topology 50(3) /
SLIR

· normed division algebras : quaternious

SVD-singular value decomposition
· your ideas!


