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Goals · Outhonormality
· Gram-Schmidt algorithm

(V
,
S .3) an inner product space over F

:Rork utv
>

-
Def For SEV

,
SisorLogoral if Sur) = 0 Futures

,

it isorhonormal when , additionally , \nu) = 1 Gues.

& O Se,...,en) is orthonormal in FP llull = 1

② (i), -1) is or the normal in F2. X
③ [2 sin(2nx) , 210s(aix)] is outhonormal in Cp[0, 17

% 12 sincenx))*ax = (2 costinal) dx = 1
, JEsinCenx) ·zci



Epop Let S = [
.V][V be orthogonal . Then for yeSpan S,

=
-

Rojas ofgatr
n

If Say y :Eivi. The
Sy, jb = <[vi , Vj)

= [xiviug) [C) linear in 1st var]

= Xj(vj ,Vj) [Svi
,vj) =0 itj]

= Xjllujk .



Thus X
: Sh = y= Vy

⑳ If SEV is orthonormal and ye spans , then

7:y [Ivj/ = 1)

For If SEV is an orthogonal set of vectors , then S is linearly
independent.

,
wis : Xi = 0

If Let S = Ev
, ..., und and suppose [xiv:

= 0
. Then

0 = 10
,) = /Exin , vj) = [xilij) = Xj(j , j) -

Since (Vj ,Vg) + 0 , we have = 0
.
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U V

E
Ig .

Let B
= (1), (l-1) ,

an orthonormal basis for I

Let y
: (4

,
7)

.

What are the s-coordinates of y?

We have
y
: <yu)n + Sy ,r)

= (4,7)((x)n + (4 ,7) ·[
=-

n



Goal Transform a linearly independent set into an orthonormal set.
with the same span.

Algorithm [Gram-Schmidt)
(((,2) , 10 , - 1))

Input : Lin ind set S = /w, .... Wn] =V .

(1) Let v
,
=W
,

(2
, ..., n) For k=2, ... n define

=-
Shaightenremoving projns onto them

Output : S = Ev
...&V orthogonal with spanS = spanS .

or

Output : S"
= &p , ..., V othonormal with span S" = spa-



Validity Pf [Idea] Use induction to check that the "straightening"
operation preserves span and induces orthogonality.
(Full details below

.)

Go Every finite dimensional inner product space has an

orthonormal basis.

=g. Take
V= Rix] , with inner product Stig) = /.fig .

Let's apply Gram-Schmidt to (1
, x) :

(1) v , = 1

(2) Vz = X-V =X-



= x - (xdx . 1 = x -E

Normalizing : IIv
,
11 : VTdx = 1.

Wall=T2)2dx = Uti

So (1
,
z(x- 12)} is an orthonormal basis of IRIX]2·

& How can we interpret or thonormality
of these visually?

Problem Apply G.S to &(1,2) , 10 , - 1))
in 12



A v
,
= (1

, 2)

~ = (0,-1) -10
= (0, -1) - = (1

,2)

= (0
, -1) + (5

,5)

= (5 .) .

Check :
(12) ·E :

5) = E
+27=

so S = ((62)
, (5
,
i) II(5 , j)/l:

S =[ (1 ,2) , (2 , -1)]




