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Goals· Define inner product spaces-

· Norm & length in inver product spaces

Motivation Add notions of length & angles to R - and K-vector spaces.

Def Let F : RorC , Van F-rs
. An inver product on

is a function S
, 3 : xV- F

(x , y) m + Sxyb2 Llangle x
, ylrangle

such that

O linear in first variable : [xy ,z = [xz) + My ,z) at
-

② conjugate symmetric : (x,y) = <y ,
x). = a- bi

& positive definite : (x, x)R20 and (xx) =0 iff x = 0
.



Note
· F=R : nondegenerate positive definite symmetric bilinear form
· F = C : nondegenerate Hermitian form

·. (a) The ordinary dot product on H :

S( =-,
xm)

, (yy- yn)) = xy =Exigi
latbilCarbllatbik&. <(1 ,

2)
,
(34)) = 1 . 3 + 2% = /1

(b) The ordinary inner product on K : Note : (x
, x)=Xi

(x
,y) = Xy= =

=g[(l + i , 1 - i)
,
(1 +2i

,4)) = (Hil(1-2 :) + (1-i) ↑
= 7- 5i

.



(c) Let V = Cr (10 , 13) = [f : [0, 1) +m)fcts)

Define (f
,g) = %.f (t)g(t) at

For positive definiteness ,
note fO = f"30 and

f(t" <O on some
open

interval - 17
, f):t 30 ·

(d) V= RC and t
((x

,
Xu)

, (y, y z)) = 3x
,y ,

+ 2x,yz + 2xzy ,

+ 4xzyz

For positive definiteness ,
note that

[(xy
, xz) ,

(x
,
xi)) = 3xy + 4x

,x + 4x=



= 3((x
,

+Ex)+ xi).
(e) V = F mx. For AEV defin the comgate transpose

of A by A =
T
with A=

Then (A ,B) : =tv (B *A) is an inner product on V.

E (t milrecovers ordinary
inner products

(2) >
, b is positive definite.

Pop For (
,
<,)) an inner product space over F,

0 (x , y+z) = Sx
,y] + (x,z) <,) conjugate linear

in 2nd variable

② (x , xy) = [(x
, y) 3 <) is sesquilinearity-

1.
5



③ (x
, 0) = (0 , y) = 0

& If (x,y) = (x
,z) ExeV , them yz

PO <xytz)=) = [x] + 5)
= (x,y) + (x,z)

.

②, : Left to you :

① If (x,y) = <xz) for all x them

0 = (x ,y) - (x
, z)

2(X ,y) + Fi)(x
,z)

= (x
,y( + (x

,
- z) [by]



=>x
,y

- z) for all x
. [by D]

In particular ,
for x = y -z we get 0 = Sy-z , y -z)

=
Defrolet V be an inner product space. The nor or light
of xeV is 1x1 :=

·

· Two rectors v
,
weV are orthogonal or peradicular when

(v
,w) = 0.

· A unit rector is veV suchthat Ivll =1t (v
,v] = 1.



E
.g .

(a) V= (xy) =

xy then
Xi

1x =V=
(b) V= "

,

<x
,y) = x the

Ill :VE::K
If we identifyIn withR via xig

+ (x
,y)

them this matches the norm on2.

() V = C10 . 1) then 1/11 :Vot
.

(Lenorm (

Ihm[Pythagoras redux) Let (V
,
<

,) be an inner product

space and let x
, y

+V be orthogonal. The



11x11 + Kyl = Dxryll
2 IxylIf We know (x,y) = 0, 20 <y , x):g) T

= 0 = 0 too
.

1) XI)

Thus Ixingk = (x +
y ,

x +y)
= (x

,x)+y,y) [sesquilinearity)
= I +112 + 11y/12 .

Question Now know aboutangle measurements of"-

x +y((x ,y) = 0.

"orthogonal



How should we defin <(x ,y) in general ?
Y Carbitrary x

y
=V

↑· (x ,y) = (x II(y)) wsO

xyt0 => coso=l

T = G =cos))A "A = Inri
↑ 7

~) A = (1)
for F =R


