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Gals · Powers of diagonalizable matrices
· Graphs via matrices
· Matrix powers and counting walks on graphs.

Suppose At Frx is diagonalizable. Then A : P"DP for

D = diag(X, ..., Xn) , PEGLn(F) = [Qe Fr
*

/ & invertible)
Powers of A?

A = (P" DP)(P" DP)
= P" D(pp- ) D4

= P" p2p = P" diag(x, ..., xm)P



In general ,
Q What about non-diag'le

Entries? ↑"Thp
,An = p

+DP
J in Jordan form

=P"diag(X)P by induction.

Graphe via marcus

A simple graph is G = (V
, E)

,

V = vertices

E = (2) = Edivs/vewel
Eg V = &

, V2 , Va ,Va]

E = [Ersra)
, &Viswab

,
Sr
,
Veb

,
Sr
,3 , Sresib)



·
Visually :

Va
· Vz

-
V

A walk of length 1) in G is a sequence of vertices
you-

-

We such that Sui
, US E ,

OGIEA-1.

E
.
g

g.
In above graph , YVy and v

, VVV are walks from

~ to
up of lengths / and 3

, respectively
· ↳

Vy
· VzVor -7

①

V
V



De Let G= (V
, E) be a graph with V = &V, .... mn].

The adacency matix of h is the nen matrix

A = A(G) with

x
Ag = & Eight

[ViUg@E
Y Va Ve Va Ne Depends
10 &

on choice of

All o I v( I

ordering of10 I
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Im If A = AlG)
,
then the number of walks from

vi to vj of length 1 in 6 is (Alij
If HW !

Peblem For A :A(or) computer A ,
As to

determine (a) # length 2 walks v to r ,
Y Va Ve Va
10

(b) #length 3 walks ve to re ." !I O

Then find all such walks.
(io , i I

Petr A matrix A is symmetric when A= AT.

Note If A : ATG) , then A is symmetric.
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Th If A is an uxn symmetric matrix with real entries,
then A is diagonalizable.

ofThis is a corollary of the "Spectral Theorem.

Upshot Adjacency matrices are diagonalizable !

For Given a graph G with n vertices and OPi
,jan

Fc
,..., In
e (independent of 1) such that

depend on ii
#walks vitoryofxlength 1 in G

where X1
,
m > Xu are eigenvalues of ACG)Countedetiplicity



Eda #length & walks - to j
= (Alig

= (P"diag(X ..., ) P)
:j



Defu A walk is close when it starts and ends at the

same vertex.

for the number of length I closed walks in G is

to (A(G)") .

Pop For ACFLM
,
tr(A) = sum of eigenvalues of A

counted according to algebraic multiplicity.

Ne If (x) = < (x- d
,) - - (x-Xm)

,

then triA)=i·
This sum is in F (b/ctr(A)(F) even if X : are not !



If of Prop Let F = algebraic closure of F.
JPEGLn(F) such that "AP = T is in Jordan form.

The diagonal of J is X
, ..., Xn. Now

tr(A) = tr(PJP")

= to(pp= 5) ( tr(cv) = [rc)]

= +(5)

=xi
Gr Suppose A(G) = M

* has eigenvalues X , , . . ., Xne4

listed with algebraic multiplicity. Then the number



of closed walks in G is X? +... +X

Eg. If A =Ator) ,
then

*A(x) = x(x + 1)(x) - x- 4)

with roots 0
.
-1
,N,

Thus the closed walks in G of length I is

w(l) = op + ( - x) +( + (E)
where 01-5'10
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spectral graph theory !


