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Gas · Components
· (Orthogonall projection
· Cauchy-Schwarz & triangle inequalities
· Angles

Fix (V
,
S

,)) an inver product space over F= / or K.

Reall x
, yeV are orthogonal (written xty) when

-

(x
, y) = 0

.

Provocation Given X
,yeV is there ceF such that x-cy by ?-

keywit by



-

Answer
- (x-cyjy) = 0 5) (x

,y) - c Sy ,y) = 0

= c hy , y) = (x
,y)

for
y

+ 0

5) c=Y
Defr The component of x along y

*
is

-

=)

11y/

and the Corthogona) projection of x do
yo

is the vector

cy = Ey



E
.g .

(1) If V = F" with ordinary inner product, then for xe

= a for x =(a

The projection of X to eg is xjey.

(2) x = (3
,
2)

, y
: (5

, 1) in He with ordinary inner product.

Then

S

*

Tay
Ly



(3) f(x) = sin(x)
, g(x) = x = Cro,] with St,g)=g
/2

Sfig) = ·Sin(x) -xdx = -xcX +1 xdx
u=Xdr =Sin xdx

du =dxv = - cosXdx

= O + sin
=

IlgI=xdx=

& 0
.
774 and th proje of sinx on ois

zX



.I
area xyIm For x

,yeV , XeF, ?? = IIXII

① 1xx11 : IX/II

② I x11 = 0 <> X = 0 ·
③ [Cauchy-Schwarz] ((x ,y)) : Kallyl
& Striangle inequality) (1x + y1 = 1x +Hy
#00
③ If y = 0

,
we're don as OCO. For

y70 ,

let

c:E Then x -

cy
+
y = x-

cy
+

cy

By Pythagoras , 1x-cyl + 1 cy( = 1 x-

cy
+ cy( = 1x112



=> llcy = 1x112 [since 1x-cy1K>0]
·

Taking : 1xk, lley) = Kyl = /Syll
↓creasing =

=> 1x1Dy12/axy)) as desired.

⑪ Ets (i) z + E = 2 Re(z) (ii) Re(z) < /El

Now observe 11x +y(k = (x +

y ,
x+y)

= (x ,x) + (y ,y) + (x
,y) + (y,x)

= Ax11 + 11y(12 + (x,y) + 5) [conj symm)



= ((x12 + 11 y/k + zRe((xy)) [(i)]

< Ux(1 + 11y( + 2((x,y)) [iil]

= 1xII" lyll" + 21xIIy1) [Cauchy-Schwarz]
= (((x)) + 1y|) 2 ·

Taking V= triangle inequality.

Def The distance between xy =V is d(x
,y) : = 11 x-y/1.

This makes (V
,
2) a metric sa

:

· d(x
,y) = d(y, x)

· d(x,y) 30 and dixy) =0 iff x =

y



· d(x
, z) < d(x,y) + d(y ,

z)
-

Ne There are (many ! ) metrics not induced by inner products/
norms.

XT

Ales Idea : cos@==

10
=

Dropping 11 in numerator makes

this work in all quadrants ,
so...



D Let (V ,
<
,)) be an inner product space over I.

Then angle O between Xy
+ V is

&:= arcos() .

osO= andy : My on

y
=
vsO

·I i
warcel

By Cauchy
· Schwarz,



=> -1) 2) so arcos makes sense .

|x((((y)

· Also have 8 = accos([i Eyn)
Fy is the unit rector in the direction of ~.

o


