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Leading Gods
- Exponential matrices
. Solving linear systems of differential eg 'm

suppose we're making bread dough and
x (th amount of yeast at time t

and the growth rate of the yeast is proportional
to the amount of yeast :

x
'

It) = Xx (t)

fr some constant X e IR .

Then
,
it and

, integrating ,

I It ifxdt ⇒ log (xHD = it t b
= natural logarithm

for some constant b . Exponent rating :

xLt) = ett t b = c ett

for som- constant c -- et
. Evaluating at t

-

-O
,

x(O) = Ceo = c



so e
-

- initial amt of yeast .
Now consider a 2-dim' l system

x.Ltl = #frogs in a pond at time t
alt ) -u #flies in a pond at time t

and
suppose

x.
' ft) : a x, LH t b x, Ltt

Mtk cacti + dx.us/DsaYwthi:YYaqi
(sure .

-
t

for some constants a , be ,d c- K2
.

t.at xH -

-

,

x' Itt -u (
"

.

Then

x Lt) -- A x'Ct ) for A -- C %)
.

Thy let A e Matan (f) for F- IR ar Q and

suppose x Lt) = Ax
""Ltl and x lol -up .

Then

Htt = ett
p .

T T initial conditionexponential matrix :

(as column reactor )will define presently

=Ax(t)



Recall that for ae E
,

N

ca -

- [ IT
.

ah
,

k to

a series that converges everywhere -

Datin

eAti = ÷ (Att = In +At t
'

z A' t
't teA't't'qA4 t' t - u .

.

So each entry of ett is a power series in t
that happens to converge for all t !

Ur can compete e.
At

via diagonally'm i

For A diagonalizable ,
P
"
A P - D -

- drag ( la ,→ In) .

Then Ah = ( PDP- ' Jk = P Dh P" =P digit,→link) P
"

.

Thus (modulo tonne convergence details )
N

e.
At

= [ ÷
.

(PDh p
- t ) th

k-no

=p EDT p-7
.

-



Since D is diagonal , a short comp'm shows

EDT -

- diag( e
"'t

.
. . .

,
emt )

so ett-Pdiagleht.m.etntJP.TW
at

so a -

- C%)
with P

- '

AP -

- (j ?. ) tr P -- f ! ;) .

Thornton eat -- fi : ) ( ft ft)
⇒ i :÷: ::: :: )
e::: : :: :L

.

If x lol -- ( t ) then

Ntl -- eat (
'

o ) : (Ink :/ .



Here's a protest with arrows representing x
' at a

particular x (velocity field ) and the blue
curve giving the x Lt ) , t >, O :

]

(Note the behavior of x' along the
"

wigen axes
"

. )

Fig. Now consider the system

,

so A. f? I ) with

Xacxl -u x't l
- only diagonal table over 1C !

still, p
- '

AP - (ji
o

) with p -. ( i Y )i



and eat -fi
-

ill :
"-

÷ )
= ÷::÷:i÷÷÷:L
- %: : .

If x lol . ( i )
,
then

went:: Hit
= (

cost + sin t

- sint + cost )
.

Visually ,

eit-cost
+
isn't


