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Goals · Eigenvectors with distinct eigenvalues are

linearly independent
· Algebraic a geometric multiplicity
· Jordan normal form

Fall If fiv- V linear
,
then Xf(x) = det(A* (f) -X . In)

for a some/any ordered basis of V and n
= dim V.

Drop Suppor fir-> V linear with eigenvectors v, . . .,VEV

corresponding to eigenvalues X,...,X + Xi *X;
for itj

Then V
,. .., Up are linearly independent .

of Proceed by induction on h.



Eigenvectors are nonzers .
~

#I For induction , suppose v
, ...,h, are lin ind and that

Mr+ ---ThV =0. WS =M = 0

Apply -- Twidu to this expression
:

(f-Xwidv)(u ,
v

,

+ ---MVm) = (f - xyidr)(0)

=> u ,
f(v

.
) + ...unfire) - ( ,

Xav, + ---Max) = 0

=>A , xv ,+...Ve-(u , XpV+ ---Mn) =0 [ri eigen
o
for f]

=> (u ,
(x

,-Xn)v + -

+ - ,
(X)ri) = 0

=> M ,
(X

,
-xm) = . - =M- ,

(xk+

- Xk) =0 = O [lin ind v..Van]



=> u ,
= =My = 0 [xi distinct]

=> Mul = 0 =M = 0 too
.

(byx)
Thus v

, ...,
Ve are lin ind

, completing the induction.

Cor If f : V-V has dim V diinct eigenvalues ,

then f is diagonalizable.

& With repeated eigenvalues ,
I might be diagonalizable, might nota

Note Now certain that diagonalization algorithm works !

Multiplicity
Ven A polynomial p(x)Fix]us over F when

5 a
,
X

, , ...,
XnEF such that p(x) = c(x- x

, ) ... (x- Xn).



Eg .
X+ 1 splits over $ but not over
"(x + i)(x- i)

Fundamental Theorem of Algebra Every p(x) + CEx] splits over I.

Prop Suppose fir-V linear
,
dim V = n > x. If f is

diagonalizable ,
then Xf(x) splits over

f.

If If f is diagonalizable ,
then F ordered basis 2 of

such that AE(f) = D = diag(X , ...,
Xn) with X: F.

Thus Xf(x) = det (D - x [n) = (X ,

- x) ... (xn- x)
= ( -()"(x- x

, ) ... (x -Xu)
.

L The converse fails : (i) has characteristic polynomial (xl
but dim E,

= 1.



D Let dimV .
The geometric multiplicity of an eigenvalue

* of a linear transformation f :V=V is

dim Ex (f).

The adbraimdiplicity of X is the number of times
(x-x) divides Nf(x).

Pop The geometric multiplicity of an eigenvalue off is

= its algebraic multiplicity.
If Let v

, , ..., va
be a basis of Ex(f), extend to a basis v......n of V.

The matrix for f wit this basis looks like

A = (2) f(vi) = Xv; for Kick



Thus=det))f= (x- x(x
,
(x))

so k = dim Ex(f) < algebraic multiplicity of X.

Jordan normal form T grommult salg mult
&need = for diagonalizability

A Jordan block ofctetfor XEF is the lexk matrix

5) : -(%)
Eg. Jy() =( ,

T = (4).



A matrix is in Jdan form when it is a "block sum" of
Jordan blocks :

Ju
,
(x) q - -- Th (dr) : = (

Ju
,

(x)

5HO IO
-

The(ir)

E.g . IJulz52(405155(4) :/



# Suppose dimVC@ , fiV-V linear with Xf(x) Split over F
.

ThenF ordered basis d of V such that A (f) is in Jordan

form
;
the Jordan form off is unique up

to permutation of
Jordan blocks.

If Usu the structure theorem for finitely generated modules over
-

a principal ideal domain - Math 332.

Note f is diagonalizable iff all its Jordan blocks have size 1.



Un(cosx) = cos(nx) Chebysher polynomial
of 1st type

Un(x) = det ( <
42x

...2x)


