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Goals : signed volume via det
-

· signed volume and linear transformations.

Given rectors v
.. ..., ER ,

the palelepiped spanned by
Vis .., Un is

P(v
, ..., (n) = St

,
v

,

+... + turn/Oti = 1) .

Eg· In , P(v
,
n) : Wh

Z
· In R

, P(u
,
w) =

X E



=
[0

, 13m
· In R

, Bu := Ple, er
, .... en) is the unit

Def A parallelepiped in # is
any

set of the form

P(r
- (n) + v

= St ,
v

,
+- +/Ostiz1].

Eg ·
-

# If A =(-)R ,

then AB = PCr.
, in).

Indeeds A (te ,
+ te+... ten) = fir

,
+... + turn.



Signeda SA : RXR- IR

(r
,w) - Sarea (P(r>w) if car angle

~ to wist

s -arra (P(v,w)) if cow angle
v to w > i

E
gg .

SA) (1 , 0)
,
11

,
2)) = base height : 2

T - height
(1

,8) base base
O

Claim SA is multilinear
, alternating ,

normalized
-

and thus St(r , w) = det[n]) = det(ii).



1

· St(m
, en) =

area (E) = 1 so St is normalized

· St(v
, v) = area) ** ) = 0 so st is alternating

· For 130
, SACXv

,n) =

XS
:

-
sameageed by420

For

so anglefrom + 0

base scaled by /
s St(Xv ,r) = XSA(r

,
w).



Similar arguments give SA/Xw)
= XSAC

,
n).

= SAluw) -SAT v
, w)

· SA(u + v
, w) :

=-
wa wa

u

↑ -u+ v ↑ -u+ v

? ?

implies SA(u +v
,w) = SA]u

, w) + SATr
,w)

land similarly in 2nd variable) .

Den The volume of Plrs. .. in) is

Icht (4, ...))
·



The For
any parallelepiped Q = P(v

.. ..., vn) and linear
transformation L : R" -R" induced by a matrix A,

L(Q) = P(Av
, . . ... Ava) and vol((Q) = /det A/voIQ.

if Let B = (Y ... ) .

Then Q = B.B and

LQ = A .) · Br) = (AB) · Bu with AB = (Av ,

---An)
so LQ : P(Ar

, ..., Arn)
.

Nor

~
det multiplicative

vol/hQ) = /det [AB)/- /det(A) - det (B)/

: Icht All B) = Ide+ Alvol(Q).
/

11 is multiplication (vol(Q)



# We proved that I transforms volumes of
parallelepipeds by Ich+ A) (for Limapa).
In Math 202

, you
will generalize this to other volumes.

Problem Find the area of this figure :

(.3)
..

(6
, 4)

(1
isin)



Answer This is P(13,
1)

,
(1

,2)) + 12, 1) so its area is

(det( ? i)) = 13-11 = 5.

Poblem What is the volume of XBm
,
X0 ?

Aner vol(xB) = Ide+(X.01 = 17%= x

Orientation Call an ordered basis (vi
-r

,
Un) of A

-

positively oriented when det(---v)30 ;
if det (Y - - incall it negatively ord.



Note En = Ce
, ...,

en) is positively or'd

↳ (v
, w, n) is pos or'd

in

I
coming out In ID

, angle condition.


