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Gals · det A : det AT

· det is multilinear & alternating in columns as well

-Compute det with row + col
op. .

· Permutation matrices

· Sign of a permutation

Def AEFX is an elementary matrix when it is obtained

from In by a single row operation.

= (i . (bi)
. (g) .( (



Question Let EEFuxu be an elementary matrix corresponding
to a particular run operation. How can you

describe

EA for At Fuxm %

Anes : (ii)(a) = (a)

(oi)() = (aix bid)

(oi)(a) = (xXb)
Answer (moral exc) It implements E's corresponding row op

on A.



Note By 6-5 reduction ,
J elementary matrices E

, .... Ee

st
. ref(A) = Esters --- EnEA

.

Thm For all AtFr
,
det A = det AT.

Eg det () = ad-be

det (2) =
ad"- c

For the general case , we need some additional facts.

Th For all A
,
BE Fr

,
det (AB) = cut(A) det(B).

If Upcoming HW ! det is multiplicative
det(A +) detAde



↑ (a) For AEFRxm
,
BeFMAN

, (ABIT-BTAT.

(b) For At Fun invertible ,
(AT)" = (A).

If (a) is part of your hw . lidn)
*

Lut f =

mapt
= A

11

(b) idfofididn : (f-Y* f
*

so f" =

maty :

:A
=> In : (A)A

take
mat's so (A)T = (AT)

↑

ma LetE be an elementary matrix .

Then det E =datET +0.

symmetric
~

If (1) If In EYE ,

them E = ET and detE = -1 = det ET.

(2) If InE
,

them E-ET and Ret E = X = detET.

(3) If In E for itj , ther



In Eri ET and detE = 1 = chet ET
.

If that det A = det AT First suppose ref (A) #In .

Then rank (A)

= rank (AT) > n ,
so det A = 0 = det At. Now assume

/

row rank

= -I ref(A) : In
.
Take elementary matricus E , ..., Ee sit.

rank !

In = El E , A

= det (Fr) --- der (Ei) det A

Also In : InT = (Fl E , A)+= ATE, -- . Est
1 = det (AT) det (EP) -- det LEE

Hance det A = det(AT)
.

Doe Target of det is F which
is commutative ! And det multin

!



Cor det is multilinear & alternating as a function of the

columns of the input matrix.

Et (1T swaps rows & columns and det A = det AF.

Eg det (ii) = O by 1st
,
3 columns are equal
+ det alternating in cols.

-

DE A permutation of a set X is a bijection 2 : X-X.

If i is another permutation ,

than so isNot. The set

6 of permutations of X together with the binary operation.



is called the symetric group of X .

If X = 11
,
2

, ..., n)
,

then

we denote this by Om
. (Math 332 :

(G
,

: ) is a set C +

binary op
: GXG - G

Ey.
There are six elements of 6 : sit. is assoc , Fidentity for

and two-sided inverses for

! i !
3 -33-> 3
·

exs

In general , 16n) = n!

Pfn For weOn
,
the permutation matix corresponding to r is

Pre Fr with throw ersy ·
I

.

e
., Pr is obtained from

In by permuting its columns according to 5.

rev(z)

O·= I (() = (j) = eG



Check (1) If A has rows r
, ..., in then PrA has inthe now racil

(2) Precise :

(3) PrPt =Por Order oft swap.

Per The sin of a permutation re On is

syn(a) = det (Pr) = #)

If syn(a)=I , call o even ;
if syn(o)--1 ,

call wodd.

& (Mathssz) Every permutation is a composition of transpositions ,

so Pr is obtained from In by some number of column swaps.
Each swap changes det by a factor of -1 land det In = 1).



Thus Sgn(r) = (-1)#posisforEl
but all have same parity

E= e
24.. 18

#(Permutation expansion) For AcFRxU
,

det A = [syntot Airc Azra)"Anwend
reGn

Thus det A is a homogeneous degree n polynomial in the

entries of A
.


