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Goals · def : Enx- > F as an alternating

,-

multilinear function such that det (In) = 1.

· Compute det via row ops

· det A +0 rank A in A invertible

Hunting for a function det : Fux- F with some special

properties. If At FUX has rows r
, . . ... In FC ,

write

det A = dat (Visu
,
Ful .

un) in) unl

det[Xr + r!, rus
Desideratel =xdet(

Multilinear : det is linear in each of its variables
-

Alterating : If ri = r
,
for some itj ,

them def (r
, ...,r)=

Normalized : det (In) = defle , ... , en) = 1.
-



Ihm For each30 ,
there is a unique determinant function

satisfying these properties.

Proof-later ! For now
,
derive consequences of properties.

[det & row ops] Alternative defi of
(1) If A B

,
then det B = - det A 3 alternating-

(2) If A EX B
,

then det B =det A but doesn't work

(3) IfAB
,
then bet B = det A.

for char F = z

e.g . 2/22

Pfletch (1) 0 = det (r+r
,

r
,

+ru)
=del + deter,) + det I l + deter
= O + detA + det B + 0 = det A + det B.



(2) Multilinearity.
(3) det (

, Xtr) = Ide + det (smal

= O + det (r,z) -

E det(ab) = def ((a ,
b) ,lo

= adet (e ,, (c ,d)) + bdet(ev
,
( , d))

= aude) + and det (e)

+ be defle
,
e

,) + be deter
= ad det I-bc det I

= ad-bc
,



# In general , we can use G-J reduction to

compute determinants. Eig.

Ei det( (024

O 003

R= 4 . 5 . 2 . 3 det10 I
000

= 120 det In

= 120



- The determinant of an uper triangular matix( Iijoi
= Jaan*) is aan

,

the product of its diagonal entriese

If The above argument generalizes as long as there are no

O's on the diagonal .

In general ,
det A = x det(rref(A))

for some XEF150) by 6-5 reduction .
If A has a 0 on its

diagonal , then ref(A) has a ruw of all 0's and-pulling a

O scalar out - we get det A = 0.



Mtilinearity U
,
V
,
W F-rs's

f : V + W -U is hear when

each function fluses : V-+ I

flyw : W-

is linear
=

Multilinear is this with more variables : fiV
,

x - - *V -U.

For det
,
write FUx = FM xFx-



Ep For At Fr
,
TFAE :

(1) det A +0
,

(2) rank A =
n

,
(3) A is invertible.

If Already know (2) 132 , so suffices to check (1) (2).

Since det A = X det(rref(A)) for some XeF-50)
,

we know det A=

i def(rref(A)) = 0. The rank of A is n iff ref(A) : In

iff det A = X + 0.
-

Lahm -ref(A) + In
,

it is upper triangular with a vor of O's
sodet = 0

.



Preview (1) det AT = det A

(2) det AB = det A - detB

(3) "Laplace expansion" of det along any row or column

(t) "Permutation expansion"
~ sign

=El thusdetaas
det A = [sgn(o) A , ri) "Ancens degree n polynomial

n terms - WeOn (mathfrak453
-

n
in entrins of A

(5) Over 1
,
det A = "signed volume" of the parallelipiped

F spammed by the columns of A.

A= ((,2, ..., n)

(6) det exists and is unique
! En = Swin+)

if bij



I

"E Located
parallelipiped spanned
my col's of (d)

Get-lithe volume
am vol(t) = (de(d))when A "reverses

orientation" :
= lad-bc

Iar (96 = 0 . 0 - 1 = -


