
Thus Sgn(r) = (-1)#posisforEl
but all have same parity

E= e
24.. 18

#(Permutation expansion) For AcFRxU
,

det A = [syntot Airc Azra)"Anwend
reGn

Thus det A is a homogeneous degree n polynomial in the

entries of A
.



Eg.

# Check that

permutation expansion

↳ defLada) =

So the gives detail
= ad-be



#The We want to compute

ditA = chet (A ,
e

,
+ Apent--"Ainen, ..., Ane +Anzez + - -Annen)

Expanding by multilimanity ,
we get no terms that look like

Aij
, Hzj , "Ange det (ej,ejn , ... ejn)

But if ju
=je for any kel ,

them
eg
will be duplicated in the det

expression ,

which will thus be O by the alternating property.

As such
,
the only possible contributors to def A arm of the

form Airatana" Anuses det eeriee



=Sgn(a)Firit
for we n.

Polynomial interpolation
Suppose we havea points (x, y,), .... (n > Yn] < R2.

We expect there is a degree n-1 polynomial interpolating
between the points :

p(x) = a + a
,
x + m +2

with p(xi) =

y : for Kisn #



To find as , ..., an-y ,

consider the augmented matrix

↓ X
, Xi ... M Y

↓ X2X00 you YzI : : = ...:: I
↓ Xn X... yu
-

Vandermonde marix VepRuxn

The system plxi) =

yi ,
Kin

,
has a solution iff det VO.

Can we compute det N ? Yes - via change-of-basis !



consider the limar transformation

- : 1[x] <n-1
- RM

↑ (x)
+ (p(x ,

) , ..., p(xn))
.

Let u = (1
,

x
, ...,

xm- 1)
,
E = Ce

, . . . ,
en)

This Au(f) = V.

Now consider a new ordered basis

x = (1 ,
x- x

,,
(x - x

, )(x-x) ,..., (x- x
, )(x-x) --- (x -xn ))

of Ri*]en-1



Check. Since the :-the term of a is monic of degree :

(i .
e -

xi + Lower order terms)) , A*Lidrix) is upper

triangular with Is on the diagonal.

Thus det A (idnix]
< n .

) = 1

We have A (f) = An(f)Anlid) = V . Amalid)

=> det A (f) = det V.

Evaluating the 2 polynomials at X
, ...,

Xm
,

we also have



I XiX,
0 -0

A(f) I I
I O G ...

II Xy-x
, (xy- Xz)(Xz-X

, ) ... O

· · : ...

↑ xn-x , (n-x ,
)(xn- xz) . . . (xn- x

,)(xn- xz) - - (xn - xn - 1)

which is lower triangular with determinant the product of
its diagonal entrins. Thus

detV = T(xj -xi)
12 :<jav



We have det V = 0 iff some X := Xj , itj

If det Vo
,
then v () = ( one X

p(x) =
ar

+ a
,
x + an ,

x
*

interpolates between the points (xi ,y : ).

Note (det V)
"

=: discriminant of a polynomial p with
distinct roots X

, , ..., Xn- important in Galois
theory
.


