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· Matrix inverses

Recall the field axioms :
(F, +, : ) a field means :

+ is associative
,
commutative

,

has an identity 0, and F has
additive inverses : at (-a) = 0

· is associative
,
commutative

,
has an identity 1 , and F-30)

has multiplicative inverses : a a" = 1 for a t F-30)

· distributes (on either side) over +

(Fuxn
, +, ) has all the same properties except
-many nonzers metrizes don't have multiplicative inverses
- · is not commutative



Terminology (Fr*,+, ) is a (non-commutative) ring
.

Note Ouxn"0 = (8) is the additive identity

In = (0) is the multiplicative identity-

We can use our dictionary to produce non-invertible
matrices by pare thought :

(b) is not a bijection- = so can't have a

compositional/multiplicative
inverse !



(0))(i)

(ab
↑ so never have an inverse

.



Similarly for ABBA :

Check :

IHil (ii)(i) = (ii)
&

(ii) ! i
(i)(j) = (i)

Problem Find another
-

pair of non-commuting
22 matrices .

Ti



(39)(ii) = (i) (i)))
#

(: :)( : i) = (: :) ↓ hi)

↓* i) = digita , 1**

H &



Defn For A-Fuxm
,

Bermer
,

when AB = In

call A the let inverse of B and
is the right inse of A-

Eg. let A = (ii) , B = (00%).
Then AB = F2 , but BAFIs , so A is left (but not right)
inverse to B.

P For A
,
BEF

,
AB = In iff BA = In

(Proof deferred . (

Nation B =:A" when either of these conditions hold.



Thm For AE FR
,
TFAE :

(1) A is invertible
the following are equivalent

(2) rank (A) = n

(3) ref(A) = In
.

# (2) >(3) via nor space/rank results.

Equivalence with 11) will follow from our matrix inversion

algorithm :

Let A = (3) .

To produce aright) inurse , needo

solve (b) (



Equivalently,

(ii)() = ( :)
Da + ]d -g

= 1

l a + 0d + 1g = 0
| a - (d + Og

= 0

(i = (i) Ob +3e th = 0

1b +0e + 1h = 1

1b - le +0h = 0

(ii)() = (i) Oc +3f - 1i = 0

(c + of + 1i = 0

1c - (f +0i = 1

So we need to G-Jreduce

(↑ ) , ()()



The same row ops put the non-augmented piece in roof in each

case
,
so we can work with the "super-augmented" matrix

(iI I (! I
We learn that

(A=
This works in general !

· For At In
,
(AlIn) Es (ref(A)(i)



· If ref(A) : In
,
them B= At

· If ref(A) # In
,

then ref(A) has a row of all 0's-
ButB does not as InE So rank (B) = n.

Thus the system is inconsistent and A has no inverse.

Now
prove

A
,
BE FUX

,
AB = In => BA : In :

know map map
= idn so mapa is surjective> rankA

=>ranhomapa = n . By rank-nullity ,

dim kerrap + n = dim. F =

=> cimber
map

=O => her map
= O E repa is also injective !

Thus mape is bijective and F g : F"
-> Fi function



sit . gomape-iden . Pre-compose with mapy to get

go mapyomapp
= idnomap is

=> go iden = mep

=> g
=

mapi

So mapomape : iden too > BA : In

⑪ Proof without composition interpretation feels like
· eldritch magic .


