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Recall If V
,
W have finite ordered bases a = (v

, , . . ., vn) and

B
= (W , ...,Wm) ,

then

A? : Hom (V, W) Es Fuxn

f m> A* (f) = (Repor.... Repora).
Furthermor

, if UFVW are lineer transformations
,
then

B I ordered bases

them AY (gof) = A (g) · A? If(
where the Cij)-entry of AB is the dot product of the ith ror

of A with the juth column of Be



uWT linear
Matrices
-

Observe : (fog) oh = folgoh) =>> (A :B) · C = A. (B · C)

(f +f)og = (fog) +Hog)E (A +A) B = AB + AB

fo(g +g) = (fog) + (fog)) => A . (b +B) = AB +AB

Ut End (v) : = Hom(V
,
v) = Fax

endomorphisms square matrices
Fuxh form a wing-like a field but

no inverses



If V = Fr
,
W = FW with standard ordered bases En = Ce

, , ...,en)

and Em : (e
, ...,
em) , get

Hom (Fr
,

FW) EFMXn

f - A(f) := Az (f) = (f(x) fie) ---i)
and we can be very explicit

about the inverse :

Hom (F" ,
FM)= Fmxn

↑ FPA
troduct with x as a one-column matrix



Let's check that they are inverses :

mapi
Fr Alf) - x = (f(l---fien)) · ( *) = (f(e)

,
x

,

+ .. + f(en) ,
xm

Ii

f(e ,)mx ,
+ - . + flenla *

n

while f(x) = f(x,, .. ., xn) = f(x ,
e

,
+ ... + Xen)

= x
,
f(e ,) + ... + xnf(en)

= (f(e ,)
,

x
,

+ -- + f(en)
,
Yn

, . . . , fle)mx ,
+.-- + f(en)mxn)

so mapts) fr

Alt proofCheck mapage :
= fleil for i:,

....
2.



Now the other composite :

For BE +MX
, Almappl = (rapies ... maplent (

Lemma For Be FMXn,
= (B . e

,

... Brn)
Bei = col; (B),

the ith column of B
.

= (c)is) ... colis))
If Exercise !

=B



A new view of A2 :

Repixi> f(Rep'x
v +, w

E Reps I Liep[wanates !
F -> Fm

X A? (f) Repp (f/Repa)-

> A If) X

i . n . AE(f) . = Reppo fo Reps and AE(f) is the unique matrix

with ith column Repp(f (Rep, (ei)))·



Let's practice with the "standard" setup :

E. A =(i)
map : F- F

m(i)(j) =(
* How does A = (ab) < pact on



(b
,d)

ent mapa
-

↓
(a, c)

Exercises (1) Find At R
* that rotates R by /4 caw.

(2)-" reflects # over the X-axis
.

(3) -- stretches the x-axis by a factor
of 3.



-· A=(ii)

(2) (b) a- (i)

· A =( ) #
1) r()ar()
-A = (3) i



Acmataryrotations

(-sinG, cos

Rotate by O cw : ~ Kos, sin

Ro = (ost -SiI ↓
comexmultiplication
C5 14+ e

,
a
,
be R

(Gi =f+ en z= a+ bi z. 1 = z = at bitt an ,
the

z.(a ( zi = ai - b = - b + ai

- - be
,

+ am



Image and rank

The image of a linear transformation fiV-W is

im (f) = [f(u)/veVS =W.

If V has basis Ev , . . ., und ,

the

im (f) = Span(f(r ,
), ..., f(ru)]

Thus for AcFim (mapa) = spans mape (e), ..., mapa(en))
= Span(col , (A), ... ,

coLu(A)) column

=: column space of A
S

dim = rank of A

So rank (A) = dimim(f) = rank(A) - good choice of
terminology i


