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Change of basis

Let x = /v
, , . .

.,
Unl

, B
= (r , , ..., wm) be ordered bases of FY, FM resp.

If f: F-> FW is a linear transformation,

En m

repa ! ↓ rupp
F- FM commutes.

A(f) I conflating A(f)eFMxn
and its cap

Each
map has a "matrix name" with respect to the standard

ordered bases of F ,
F :



" =m

mHJP IN Q
F F

V

Note Rep : eir-V
,
Rep : ej

now
;

so

M = Je ... ) = : 4 anceN" = (n---wm)=
Thus B = Q "AP

I
change of basis fora



E
..g.

Consider the linear transformation
e

,
m (1 , 0)

fir -> R
e2t (3,2)

(x ,y ,z) m+ (x +3y + 2z , 2y+z)
em
+ (2 , 1)

with(sta basis) matrix A = (0 i)
.

Choose ordered bases

c = (11 ,
0

,
0) , (11,0)

,

(1
,

1
, 1)) of I

B = ((0 , 1)
,
(1 ,1) of R

To find A (f) ,

create



p = (i)
a = (ii)

compute &" : (01)%) is : :Did
s A2(f) = QAP = (ii)(i) o in I

=( ) c = (11 ,
0

,
0) , (11,0)

,

(1
,

1
, 1)) of I

B = ((0, 1)
,

(1 ,1) ofR



Check : f(1
,

0
, 0) = (1

,0) = - 10
, 1) + 11

, 1)

f(1 ,
1
, 0) = (4,2) = =2(0, 1) + 4() , 1)

f (1
,

1
, 1) = (6 ,3) =3(0, 1) + G()

,
1) -

Important special case :

V = W = Fr
, =B = <r

... v)
.

Let P =(vi)

F

If AcF
**

and B = AE(A) ,
then ·P"I ↓ p

+ i . e .
B = P"AP

.

FF



We
say

B is formed by conjugating A by
P
.

E
.

g .
let A = (? ") ,

a = (11)
,
(201)·

Them P = (? ) and Check) P" = ( 1)

Thus B = P"Ap = (ii)(ii))ii)
= (ii)

Huh ! B : A in this case !



chuch : A(i) = 2 (i) + (j) = (i)
a(j) = - (i) + (j) =[2)

Question What does A = P"At mean algebraically ?
And geometrically? X

PA = P(P"AP)
(ii)

L = (PP) AP

, = AP

A and I commute !

↳ ->*



E
.g .

let (2) = Axx(x-hteRE]
For instance

, (*) =1 -
(i) = X

·
o
SRIwith

(2)==-

(i) =-
Set P
=d with colum the Cxj coordinata( 0 "

O O of (8)
,
(i)

, (2) ,
(5)



Get REx] * RE] where A represents differentiation
in the (5) basis.

↑"I (p-
R[x]
< [WR[x] 2

&·I 02( 2 O 8 O



01 -"In
y

=

001( 00 O I
Ou G

Now chuck : (ix - (x) = x -

(5) = 0 ) = (i) - (6)
(i) = (

:) (5) = (2) - (i) + + (b)
-)=x

Eat The entries of P are Snib) for sn,h) the

(signed) String numbers of the first kind.



The entries of p" are kids for hu] the

Sting numbers of the red kind.

Et A polynomial takes I to I iff it is an integr
limer combo of binomial polynomials ( * ).
F

.
e

. a.
+ a

,
x + .. - +ax takes I to 2 iff

p
-

(4) is a rector with integer coordinatesa

(See Tao blog post on Zulip .
)


