
24
. Ex .30

Gals· Define image a kernel

· Rank-nullity theorem

Def Given a linear transformation fir-With image of
f is im(f) := fu = Sf()(vev].

Drop im(f) = W

If 10) We showed f(0) = 0 for flinear , so timf.

11) Suppose W
..
Wetimf . By defe JV , vaVsil.

f(r) = W
., f(r) =

2 .

Then WTW = f(r) + fluz

= flu+ va) by linearitya ritwe + inf -

(2) If w = f(v) timf ,
then UXEF

,

<W = Xf(r) : f(x v) timf
.



⑭ The rank of a linear transn fiV -W is

ranh(f) : = dim im (f).

E
.

.g. Defin fiR - R3 and linear extension.
e

,
m+ (2 , 1

, %) f(x ,y) = f(xe ,
+yez)

enm + (0
,
-1

, 1)
= x (2 ,

1
,0) +y(0,- 1

, 1) = (2x ,
x -

y , y)
Them im (f) = span) (2 , 10) , 10 ,

-1
, 1) and rank (f) = 2 Why?

# If fiV -> W linear
,
Eb

, ..., bud basis of V,
ther

im(f) = Span (f(b . ), . . . , f(bn))
If f(bil ...., f(bn) (in dependent , them rank(f) < n-



- function

#
f : 24 -> 2X

Pop For fiV+ W linear and UW
,
fill &V .

Pf 10) Note OtU b / U subspace and fol = O so Oef "U.

(1) Suppose v
,reef'U so f(vi) = U

., f(v) =u2 U.

Thus f(r. +v2) = f(r) + f(r) = u
,

+ ur +U b/ U is a subspace.
Hence Vitr

,
ef

"U

.

(2) EXC



Den For f : -W linear
,

the kel (or mulspace) off is

ker(f) : = f "Yog = [veV /f() = 0.

Note Since 10 & W
,
kerf V.

Defn The ulity off is dimkerf.

Blem Determin the kernel and nullity of the linear trans
fir -> R3

e
,
1+ (2 , 1

,
%)

(x ,z) + kerf enm + (0
,
-1

, 1)

# f(x
,y) = 0 ( x(2, 1

,0) + y(0,
- 1

, 1) = 10
,

0
, 0)

-x=

y
=0 So ker(f) = [03 :A2



=Consider the
linear transn

:R[x] =M()

a+bx +cxmb +2x

Then her() = (a +bx + ex (b + 2xx = 0)
wihdomain

= (atR[X]az)acR.
[x] = 2

= Spand13
and the mullity of is 1.

The image ofis apply & to basis of R[x]

im =Span * )



=

Span ? 0
,

1
, 2x)

= R[x]
=

so rank = 2.

N 3 = dimR] = rank() +will
-this is generic.

Than sant-nullity-W linear
,

V is finite diml .

Then

dim V = rank (f) + nall (f) .

... Shomain "splits" into kernel and the image,



It suppose mull (f) = 1 and her (f) has basis dv . , . .

., vn].
We can complete this to a basis B = &V

. . ...,n - Ver , .... und of V.

It suffices to show (f(rmel,
... , flunly is a basis of im (f).

Now im(flifB = span)f(r) , ..., firal]
Span

= spand 0
, ...,
0

, f(ru+] . ..., f(ru)]
so (5(Vm

+ 1) , .... flrn)] generates in (f).

For linear ind
, suppose

Xu+ f(Vm+) + . + Xuf(m) = 0
.



Then f(x+Ver + - + Xnrn) =
has basis

=>XarVkr + " + Now ther fo Sr.
..., Vad

=> J X
, ...,
Xy EF Sit

.

X
,
v

,
+... + Xavm = XarVa-are

But then X
,
r

,
+.. -+V-Xkmes---- Xnk = 0

and by lin ind of B : Sv
, ..., UnS

, get X :
= 0 for all i.

In particular , flums)
, ..., flun) are liv ind.



Suppose S= /V, ..., Vas live ind in us
V.

Basis ext'n algorithm :

O If spand = V
, done.

② O take Var =V-spans.
① Add Vet to Sura] is hin ind

⑦ Re-index and go back
to Q.

If W is fin diml
,
this will terminate after

dim V - h steps.



Eg.
fir -> R extend linearly

e
,

m (1
,

1
, 1)

e
,

k+ (-2
,

0
,3)

e
=
m+ (1

,
3
, 6)

Find Ker f == < (x
,y,
z) (f(xy ,

z) = 03

= ((x, y ,z)(x() , (1) + y( -2
,

0
,3) +z(1

. 3 , 6) = 10,
0
, 0))

So need to solv X-zy
+ z = 0

X + 37 = 8

x +3y + 67 = 0



:(i)2
-> -

rank = 2

=1

= nullitg


