
G Invent matrix multiplication 24. Ex
.
4

Reall A lineer transformation determines and is determined by
its action on a basis.

& Encode lineer transis V Fow by
① Choose ordered bases < = (v

, , ...,
Un)

, B
: /W

,. . . ,
Nm

of V,
W

, resp.

② Record Repf(v) , ReppfE), ... , Reppf(r)eFm
as the columns of an men matrix

A: (f) = (iph) ... Rept()



This is the matix reporting+ relative to the

ordered bases &
, P.

This produces a hear traformation Check ! As (f +g)

AB : Hom(V
, w) -> Fax = A2(f) +Ac(g)

,

f-> Ay(f). A2(xf)

② why surjective ?
= XA(f))

A Given A : (a) Fmx, take fir--W linear

Thn A2(f) = A. - [ajWi
im

& Why injective ? vector with Repp
A kur(A2) = [feltom(w/A(t) = (0)) (ii)



= (f) f(j) = 0 Vj) = 30 : V+ W)
.

uphot A2 : Hom(r
, w) = FMXn

But wait - there's more !

vin,

w Suppose U has ord'd baris 2 : (n
..,
Un)

gof
V -" -

p = (v
,..., vm)

w -" - U = (w
...., Wel

Get matrices Ad (f) < +***
Hom(V,W) + How(h

,v) = HomIUN)

A(g)eF(xm = ! ↓
AY (gof) =F(xm + (xmxfmxn- Fex



🤞

Gal Define a function

↑
exm

, Amen -> flxn
(A

, B) m Als

such that A (gof) = A(g) · A2(f)
The function won't depend on <B,

V
, fig ,

but rather

only on matrix entries .

Let's compute (gof)(uj) = g(flug] then th l
N of

= g([bjvn) [A2(f) = (buj)]

= [Pjg(v) linearitya



= [br(a intenderof
th

a

= [([anbuj) Wi
-

(i
,j) entry of AY (gof)

Thus for arbitrary A = (aj ) = Fexm
,
B = (bij) - FMXM,

we must define A :BE FIXU to be the matrix ( < ij) with

Cij
= Cainbiy



With this operation ,

we have :

Thm Algof) = An (g) · A ? (f)

i
.
n. matrix multiplication encodes composition of linear
transformations !

Matrix multiplication visually :

-

Cij
= abij + aizbaj:
↑

+ . . - A imbig



I

Eg.
often called the dot product
of (ais

, ..., Gim) and(4) (b
,
j, ..., bmj)

=(LSOn 1
= (ii)

Alternative

jacalization
a

(2



Now consider If I E In transis.
e

,
-+ (1 , - 1

, 2) e, (1 ,4)

e, (- 1
,

1
, 0] e, m (2, 5)

es 1- (3 ,6)

Then Alf) : A() = (i) Nation Write

Eni (e- en)

A(g) = A(g) = (3 %) for the standard ord
basis of IRM

and the previous computation implies

Algof) = A (gof) = Alg) : A(f) = (ii)



Thus gof : I -R is the
unique linear trans such

that e,+ (5 ,
11)

,
en +(1 ,

1).

E.g.
Consider Vispanicos ,

sin) [IRR with ordered basis(os , sin.-

: V - v Al) = (ii)
13

os -sin

A) Repa (-sin)
= (0

, -1)
sin m>S Repa(cos) = (1 ,0)

Note ) = (i)()

= (i)



And indeed, cost-cos ,
sini

(Now ( %)" = ( % )(0 = (10) correspondtoa
sd = idon e


