
24
.
X

.
23

Goals· Define now a column spaces of a matrix

Use Gauss-Jordan reduction to compacte bases for both

· Prove that dimensions of row o column spaces are equal
m defin of rank of a matrix

Defu · For AcFYn
,

the rospace of A is the spen of the rows
of A in F"

;
the umnspace of A is the span of the columns of

A in FM
·

· Thee rak of A is the dimension of its now space,
the column ranh

U column space.

Recall The elementary row operations :



·

are linear combinations/reorderings of rows

· are reversible.

Thus now space of A = ror space of refCA)*
Thm The nonzero rows of ref(A) form a basis of the row space ofA.
if shape !

E A=thearaI
The row rank of A is 2.



Prop Let A = ( , an -.. c) e fu with GCFM (ascolvectors).

LetA be
any

matrix formed by applying now ops to A ,
and

let
, , . . .,
in be the columns of E .

Then for N...., EF,

Exi =0Exo.
Q

IfWe haveI X
, (c) +...= 0 and sole

to this are systems and ,
Fax +.. - + and o

z

%

amixitamin+ - + amnan = O
.



Rew operations don't change solin sets ,
so the insult follows.

Cor Let E = rref(A) with pivot column indices ji ....,jo. Then

the columns of A indexed by j , ...,jo form a basis of the

column space of A.t
these cols of A -not of

ref (A)

If For simplicity ,
assume ji : l ,

.... jer .

Then looks like

10 * * in the m=S
, n= 6

,
r = 3 case .

O 10 &K dI8 G 1 * R I Let E , , . . ., En devote cols of E ,

O G 00 O 8 Al
, ....
An cols of A .

⑧ ⑧ - O 8 a wor

E, En --- Er WIS Al, ...,
Ar are lin ind and generate colspace .



Lind : Suppose X ,
A

,
+ .. . + XrAr =0 X

,
E

,
+ .. - + XEr = 0

.

But E,
, ..., Eo are (in ind

,
so X

,

= = Xy =0.

Generates To show SpandA , , ..., ArS = col
space of A ,

it suffice
to show Aj < spandA , ...,Arl for j>r.
Since E

,,...,
Er span the colspace of E Why?) ,

know

Jx
, ,

. . .,
Xr F st . X

,
E

,
+ .. . + XrEr = Ej

= X
,
E

,
+ .. . + XrEr-Ej = 0

# 1 ,
A

,
+ . . . + XwAr- Aj = 0

prop

st 1
,
A

,
+ . . . + drAr = Aj.



🤔

A = (a) T I
E

c)(2) , (3)) is a basis for the column space of A ,

and its column rank is 2
.

Same asrow rank?

The Row rank of A = column rank of A.

↑ let E = rief(A) .

The #nonzero rows of E = # pivot columns ofE .

R The rank of A
,
denoted rank (A)

,

is its row (or column) rank.



Rank is a unique solution detector
:

homogeneousV

To compute solns of a linear system
a

,
X

,
+ + AinXn = 0

i

am , X
,

+... + ammXn =@

EFmar
set A = Caj) and compete ref(A).

Thefree variables = #non-pirot columns Noe Set of solns

= n-rank (A). is always a subspace
of F with

7 ! sol'n> rank (A) = n.
dimension = #free

Vars .



For a nonhomogeneous system

i

a
,

x
,

+ - + a
,nXn

= b,-am , X
,

+... + ammXn = bm if Ax
: 0

Set A : (j) ,
b= and compute rouf ((Alb).

If the system is consistent
,
then

every sol'n is of the form

(particular solin) + (soln of Ax = 0) .

So if the system is consistent
,

there is again

unique solin rank(A) = n
.



E
Eg

. How many
solins does

2x =2 have ?

3y + 2z = 12

y
-

z = - 1

A = 120(a() X = 2

X = 5
G-J radin for A :

+-j)Alb-> ( (



- Il(!
=> a unique soln

to Ax = b iff it's consistent :

rank(A) = 3

Is consistent and soln set is ((t)).

Note col
space of A has basis (8)

,
(i)

,
(2)


