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Goals define linear transformations
-

· proving linearity
· determined by action on a basis

Hom(V
,W) as a vector space

or soly
diffic

or diffic fas
Sets : Functions :: open

subsets of H : continuous functions

:: vector spaces : linear transformations

Defi Fix rector spaces V,W over F .
A Lear transformation

L :V-W is a function st
.

VureV
,
XCF

,

low homomorphism)

-(u + v) = ((u) + (() a L(u) = X (/n)·



Equivalently , ((u +xv) = ( (u) + <]().

& Hefferor's "linear transformations" have the same domaina

codomain : L :V-V
.

These are typically called
livar endomorphisms. Eg L :V-> W

-8

is linear
,

is the tal lintrans

% fi-Rx+y ,
x +

y
-3z)7

Ex what assignment on sta basis of A determines this lintrans?
I let (x, y,

z)
, (xiy' z') ER ,

XeR
.

Then e
,
+(2, 11

e
,
m> (3, 1)

f((xxy ,z) + x(X ,y,z)))
= f(x +xx)

, y + xy' ,
zoxz)

esm(0 ,+)

= (2)x+xx)) +3(y+xy) ,

(x+xx) + (y +xyi) -3(z +xz))



= (2x +3y ,

x +y
-3z) + (2xx' +3xy' ,

xx' +xy -3xz)

= (2x +3y, x +

y
-3z) + X(2x +2y' , x +y -z)

= f(xyz) + x f(x
,y, z)

so f is linear.
~ <kily diff)

fas R
-R

E : ((R) - CLR) is linear iefig)
its fas R+I

Eg. R-> R is not linear.Whyf):
x+ X

- 1 = - 1 . 1 + ()= ) + - 1.(1)2(1 +2 --97 n + 22S Pop If LiV - W is linear , then (101 = 0.

If By linearity , (10) = ((OF ·Ov) = OFh(Ov) = Ow
.



~
Frobenius↳ Let F =/ ·

Write Frob : 20px + /pi
↑ prime x +-> XP

(x+y)" = xp + (p)xPy + (p)xp -yz +... - (p)xyi
and p/(in) for 1k = p-

+ yP

FIT :

= (x +y) = xP +y I ap = a (modp)
(xx)

"
= xixi

Aha ! Frob = id

Frob :</EL] is a lin trans



Thi lineartransformation
is determined by its actionone

V
,
W F-rs's

,
Babasis of V. .

For each beB
, suppose WeW.

Then 5 ! linear transformation ( :V-W st
. ((b) = Wp for

all beB
.

E
.g.

There is a unique
linear transi RR taking

e, 11 ,
2)

,
e
, +(1 , -1) in

L(- 1
,
- 1) =

L
-

L -e
,
- er)

-t - =- L(e ,) - Leu)
&

( - )
,
- 1) =- (1,2) - (1 ,

- 1) = (2,1)



🗣

P of Thm For veV
,
51b

, ,
.. ., buEB ,

X
, . . .

,
in -F-303

St
.

v = Exibi .

Define ((r) = L([xibi)
((r)= Wh
, ( = [xi((bi)

This is well-defined by uniqueness of bi,X; ,

andb :

~
expression will work b/c (needs to be limar.

"L is defined on 1 and then extended linearly .

"

In above examplee+ 11
,
2)

,
e
,
+ 11

,
-1),

h(x
,y) = L(xe ,

+ yez) = x((e) + yh(e2)
= x(1 ,2) + y() ,

- 1)

= (x +
y ,

2x- y) .



Per For V
,
W both F-rs's

,
let

Hom (V
, W) : = / L : V -W/ < linears.

(Alt notation : Hom (V, W] ,
Z /V

,WJ .
)

This is an F-us via

f + xg : V- W

um + f(r) +xg()

for fig Hom(V,W) ,
XEF.

If W = F
,

write V*: = Hom(V
, F) and call this the
~

dual of V. linear functionals


