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Goals define bases
-

· preservation of linear structure (isomorphism/

Dafn A subset BEV is a basis of V when If B = V is lin

· B generates V (spanB = V &
ind

,
then B

-

· B is linearly independent

/ I is a basis for

Span B

Fact BEV is a basis iff
· B is a minimal (out 2) generating set of

iff . B is a maximal (not) in ind set.

D An ordered bas is a basis listed as a sequence
:

b
,bz , . v



Note If B= (b , . .. , bn) is an ordered basis of V and veV,,
then J ! X

1
, ...,
Xn & F sit. v = X

,
b

,

+ ... + Xubu.
there exists

unique

Pef. In the above situation
,
the cordinates of ~ ort B

are Repp(v) := (X
, . . .

,
Xn)E FR

Eg. (1) F has ordered basis (e: (1 ,
0

,
0)

,
e

=
= 10,

1
,
0)

, ex
= 10

,

0
, 1),

its standard ordered basis .
Since (x

,y ,z) = xe
,

+

yes
+ zez,

the coordinates of (x , y ,
z) are (x ,y ,

z)
.

:

(2) Take B' = (es
,
en

,
e.
)

.

Then Rep (x ,y ,z) = (E
,y ,
*

- order matters !



(3) On
may chuck

that B" = ((1
,
0

,0) ,
11

,
1

, 8)
, (1 ,

1
, 1)

is an ordered basis of t Since

(x ,y ,
z) = (x -y)(1 ,

0
,
0) + (y- z) (1 ,

1
,
0) + z(1 ,

1
, 1),

have Rep,

(x
, y ,
z) = (x-y , y -z , z). For instance,

Repp (1 ,
0

,3) = (1
,

3
, 3).

(4) Problem Find a basis for F2x2 = ((a ) /ab, c dEF).
j I I 01 (%60

,
00

, 198) , (02)



(5) Suppor we know ((15
,
3)

,
(14) is an ordered

basis of R .

Let's determine Rep ,
(7 , -6) :

Nerd (x
,m) <R St

.

x (5
,
3) +M (1 ,4) = (7 , -6)

,

i
.e.

5x +m =7
m ( (37 +4u = -6 · i) di

so Repc (7 : -6) = 12
,
-3)

.

x
.

- Xg
= 200

Xi ↓ Xzi
50[ X

,
X2 Xy Xu XS II 00 G

( I I oo
:1)



Given an ordered basis B=( r , , ..., Mn) of V ,
we get inverse

bijuctions
Repes

V> F

XV
,
+.. - XuV = VI > Repp() : <X

,
. . .

, Xn)

&its((x , ...,
xn)

But these aren't just bejections ! They also preserve linear

structure : fiV -W such that

1 · f(u+) = f(u) + f(x)
VW F- vS

· f(xu) : xf(u) for all u
,
reV

,
XeF.



Such a function is called a
linear transformation.

Diagrammatically :

(u ,v) ->uv IX
,
ul-> Xu

vxV= v F xv =zv

id xfI ++ 1 If I I If I
WeW -> Wf(ur F + W -> W

v f(xu)
II

/(f(u)
,
fir) in f(u) +f() &

f(u))- Xfiu)
both commute.

V
,
W F-refor spaces.

Defi A linear transformation fir-> W is called an

icomorphism when it admits a two-sided inverse



g
: W-V that is also a limar transformation.

In this case
,

call V,W isomorphic and write V=W.

E .g. Rep : VEsFV for B any ordered
basis of V.
-

with n elements

Prop A function fir -W is an isomorphism iff ↑
only are

it is a bijective linear transformation.
n
will work -

dimension theory
if (t) Assume + is an iso

.

Then f admits an inverse
-

lim transn .

In particular , that's a z-sided inverse to

f as a function By Math 112 , f is bijective ·



It) Assumefiveis a linear bijection.

Let
g

: f"las a function . Want to show g
is linear.

#g(u+(v) = g(f
Take uveW

,
XeF

.

Since f is bij ,
Ju

,
v' eV sit.

fluil = n
,
f(r) = v

.
Thus g(u+ Xv) = gefful + Xf(r))

= g(f(u +Xvi)) since f is linear.

= u'rXv' since gof ide
= glu) + X g(v) (inverses) ·
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