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Goals finite dimension is well-defined

· learn to compute dim V

Dfu A vector space is finite dimensional when it has a basis

with finitely many elements.

Eg ·F" ,
FMX have bases of cardinality n

,
mu < D

, resp.

· F(x)
,

RR are infinite dimensional

Retu If V is a finite dimensional F-vs
,
thun the dimension of

v, denoted dimV =dim-V ,
is the cardinality of any

basis of V.

Is this well-defined ?



Exchange lemma Suppose B = /V
.. ..., Un] is a basis of V and

w = Xiv i
with X: F not all O

.
If Into for some 1551 , ..., n),

i =

then B = (B-Yveb) v/w) is also a basis of V.
um un)

Ve
,

w exchanged Thus B' = /W ,
V ,
Ve,.

~
of First show B'lin ind .

WLOG
,
D = 1

· SupposeUW +M2V + - MV = 0.

subbing , M([Xivi) +

Mun +.. - +M
= 0

= UX , v
,

+ [uxtM2) v
,

+.. - + (in) = 0.

Since Blin ind
, W =Mz- ... -M = 0.

Since X
.
70

,
known

= 0
, whence M = . . My = 0

.



Thus B' = 50 , Un, ..., Und is live ind
.

Widthurn t ... are

(
f Istill with M= 1

,
X ,
to

Now show spanB = V
. Solving for v

,
in gives

= W -

-
...
-
Un

X
,

For veV
,
Babasis =>

v =M ,
V

,
+.. - +
Mr for someME F.

subbing in gives

~ =

M,tw- -...- ) take

= W +( -M + + ( -M)v
EspanBP



Thus spam B' = V and we've already seem B'hin ind,
so B' is a basis.

The In a finite dimensional rector space V,

every
basis has the same cardinality.

If Among all bases of V ,

let B : Ev , , . . ., n] be one of minimal

cordinality .
Let C= SW

,,
W

-, ... I be another basis of V.

WS : /Cl : /BI
·

Know n = lB1 = /CI
·

Idea : Use the exchange limma to
swap melts ofC into B.

-

while maintaining basis status.



let Bo = B
,
take w

.
eC

. By the exchange lemma,
get new besis B

, by swapping w
,

in for some up Bo.

WLOG
,
1 = 1 and B ,

= /Wish
, ..., und is a basis of V.

Take wi C (w , )
.

Since B ,
is a basis

S

W
.

= X
,
W

,
+ 12V + - Inrn for some die F .

Since w
, We are lin ind

,
some Xe ,

12 is nonzero.

WLOG
,
1= 2 and we can exchange to get Br = Sm

, m
,
Vy, . ., Vu]

a basis of V.
↑

Continuing in this fashion
, eventually get



Bn : EW, ...,Wn] is a basis of
In because otherwise

-

2 In fact
,
Br = 2 by ow Wit ,

< Span Br

=> C lin dep .

*

& dimension of findin us's is well-defined
Cor If V is a findimus ,

SEV lin ind
,

then we

may
extends to a basis of V by adding some dimV-151 elements.

If Apply the "basis production algorithm" from the theorem's proof.

S Cor If V fin dim vs and TEV generates V,
then

some subset SET is a basis of V.



↳
Suppose S & V lin ind but spans &V .

Then

take weV-spanS . Sham Suswy is lin ind.

This is the case iff the sury ,
v is not

a lin combo of elts of (SvSwb) - dry.
True since Slin ind +WeVIspanS . #

14

#6 S = Ela,b)
,
(

,d)) lin ind ? ~"ad-ba = 1 : 1-0 .0

= (1 %) (51%
= I

justify
/ I --

8

· voropens to ad-bc when you apy to
a row op ?


