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Goals· Two operations a eight properties of rector spaces
· Become familiar with standard andnonstandard examples
of vector spaces

· Define subspaces

Fix a field F.

Defi A vector space over F is a set V together with

operations +: VxV -V vector addition

·: FXV -> V scalar multiplication
such that for all ur,

weV
,
X

,+F



(1) u + v = von commutativity of+

(2) n + (r +w) = (n+ v) + w associativity of +
(3) JOEV st .

Otu = u additive identity
(4) F-uEV s

. t- U + ( - u) = 0 additive inverse

(g)
F +

y . u
= u scalar multiplicative identity

(6) X (er) = (4) v associativity of scalar multin
product in F

(7) X (u +r) = (Xu) + (v) distribution of scalar multin over

vactor add in

18) (X +u) · u = (x) +ful distribution of scalar multin over

field addin
Note (1)-(4) make (V, t ) an Abelian group

cannot ,
in gen't , multiply vectorsa
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· For n = 2
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F = R
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· I is an R-vs via X (a + bi) = (a) + (Xb) :
,

a
,

b
,
XelR

· If F = L are both fields
,

then L is an F-rs
,

e .

g.

IR is a Q-VS.

· Fu= [mxn matrices with entries in FS

azi
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a
,

) /F ,
Kim

, In aSi

am ame .

--amn

For A - Fix
,
write Aij for its ij-th entry. Then for

A
,
Be FwY

,
XeF



(A +Blij : = Aij +

Bij

(XA)ij := < Aij
So for F = Q

,
m = 2

,
n =3

,

2 (s'yi) -s(ii) = (ii)

· If S is any
set

,
then FS :: Sf/fis-> F a function]

is an F-rs where for fights ,

leF :

f +

g
: S -> F

si f(s) +g(s)
X. f : 5 -> F



si- Xf(s)

Note For new
,

let n : = 51 ,
2

, ..., my .

Then

~ isomorphic
FE"E" F F1"=

"

Fmxn

f m> (f(1)
,
f(2)

, ... , fin)) m+ = ((i ,j)(icm ,j +1)i

↑ E =- (a ,, ..., an) f - (f(i
,j))ij

F (j)
= AI

Note R
*

= (f) fiR-> R) is a ventor state that calculus
students love.

a other mmm : S + E : E !



Subspaces R*
VI

C(R) = [f) fiR -R is continuous
VI

C'(IR) = (f/f :R+ 1 withfo continuous)
VI

C
*

(R) = (f/f :R- R has continuous derivatives
of all orders

UI

R[x] = Sf/f : RR-R is a polynomial function]

Each of these satisfies figeW= f +geW ,
New ,

Oth

In fact ,
each is a vector space in its own right.


