MATH 113: DISCRETE STRUCTURES
HOMEWORK 18

Due: Wednesday, March 11 at 10pm.

Consider 2n vertices on the boundary of a circle forming a regular 2n-gon (this means that
any two adjacent vertices are the same distance apart). The nodes are labeled 0,1,...,2n — 1
counterclockwise. Let R, be the set of ways to draw straight line segments connecting pairs of
distinct vertices, such that no two segments intersect, and every vertex is the endpoint of exactly
one segment (so there are n segments in total). These are called non-crossing pairings. For example,
here are two elements of Rj.
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Let r,, = |Ry|

Problem 1.

(a) List all of the possible non-crossing pairings whenn =1,n = 2and n = 3.
(pause) Convince yourself that 0 can only be paired with odd vertices. (Do not turn this in.)
(b) Fixn > 0. Given 0 < k < n, let Zj, denote the set of non-crossing pairings in R, for which 0
is paired with 2k + 1. Show that |Z;| = ryr,—. Be careful with the indexing here, note that we
are working with R, ;1 and not with R,,.
(c) Using part (b), prove that r,, satisfies the Catalan recurrence, i.e.,
n
ro=1 and 7,41 = Zrkrn_k forn > 0.
k=0
(d) Using induction, prove that r, = C,,, the nth Catalan number. (Note that you have done most
of the work, this step just puts the work together into a proof).

Problem 2. Problem 1 showed there is an equal number of elements in R,, and D,,, where D,, is the
set of Dyck paths of length 2n. We now describe a bijection between these sets.

Given a non-crossing partition, start at the vertex 0 and move counterclockwise (in increasing
order). As you visit each vertex, write E if you encounter a line for the first time and N if you
encounter a line for the second time.

(a) Which path corresponds to each of the two examples from R4 above?

(b) Prove that this construction does indeed give a Dyck path of length 2n. That is, you need to
explain why this construction gives a N E path from (0,0) to (n,n) that is always below the
diagonal.

(c) Describe the inverse of this construction, i.e., describe a process that takes a Dyck path and
gives a non-crossing pairing. You must explain why these two processes are inverses of each
other. Conclude that there is a bijection between R,, and D,,.
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