Math 113 Group Problems, Class 3 1

PROBLEM 1. Recall that N = {0,1,2,... } denotes the set of nonnega-
tive integers. Consider the following sets:

A={xcZ|x* €N},

B={x €N |xiseven}N{x € N | x is a multiple of 3},
C={xeN|xiseven}U {x € N | x is a multiple of 3},
D ={xe N |xiseven} A {x € N | xis a multiple of 3}.

Write out some elements of each set and then describe the set in
words, justifying your answer.

SOLUTION: Wehave A = {...,-2,-1,0,1,2,...} = Z. Indeed,
the square of every integer is a nonnegative integer, so every x € Z
satisfies the condition x2 € IN.
We have
B =1{0,2,4,6,8,10,12,...} n{0,3,6,9,12,...}
={0,6,12,...}
= {x € N | x is a multiple of 6}.
This is the case because an integer is a multiple of both 2 and 3 if and

only if it is a multiple of 2- 3 = 6.
We have

C ={0,2,3,4,6,8,9,10,12,14,15,16,...}

These are the natural numbers divisible by 2 or 3 (or both).
We have
D ={2,3,4,8,9,10,14,15,...}.

These are the natural numbers divisible by 2 or 3 but not by 6.
PROBLEM 2. Recall that De Morgan’s law states that for all sets A, B, C,
C~N(AUB)=(C~NA)N(C\B)

and
C~(ANB)=(C~A)U(C~\B).

(a) Draw Venn diagrams that express these identities.
In order to prove an equality of sets
(b) Prove the first identity. X =Y, youcanshow X C Yand Y C X.

SOLUTION:

(a) We offer the following Venn diagram cartoons illustrating De
Morgan’s law.



(b) (C) Suppose that x is a fixed but arbitrary element of C ~. (AN B).
Then x € C and x ¢ A N B. In order for x to not be an element A N B,
it must not be an element of A or not be an element of B. Thus
x€C~NAorx € C\B,ie,x € (C~A)U(C~ B). We conclude
that

C~(ANB)C (CNA)U(C~\B).

(D) Suppose that x is a fixed but arbitrary element of (C~ A) U (C ~\
B). Thenx € C~NAorx € C\B.Ifx € C\ A, thenx € Cand
x & A;if instead x € C \ B, we have that x € C and x € B. Note that
in either case x € C, and in addition we have that x ¢ A or x ¢ B.
This latter means that x ¢ A N B We conclude that x € C~ (AN B)
and that

(CNA)U(CNB)CC~N(ANB).
Since we have proven both inclusions, we know that

CN(ANB)=(C~NA)U(C\B).

PROBLEM 3. Suppose that A and B are finite sets with |A| = m,
|B| = n,and m < n. What are the smallest and largest possible values
of |[ANBJ|?

SOLUTION: If ANB = @, then |AN B| = 0, and this is the smallest
possible value. If A C B, then AN B = A and |A N B| = m; this is the
largest possible value. We conclude that

0<|ANB| <m.



PROBLEM 4. Explain how the following pictures illustrate the indi-
cated identities, and then prove one or both of them.

Ax(BNC)=(AxB)N(AxCQC) (ANB) x (CND)=(AxC)Nn(BxD)

SOLUTION: In the first picture, the red box represents A x B and
the green box represents A x C. The intersection of these boxes is the
yellow region, and it agrees with A x (BN C).

In the second picture, the red box is A x C and the green box is
B x D. Their intersection is the yellow box, and this agrees with
(ANB) x (CND).

We now prove the first identity, again by demonstrating both
inclusions. First suppose that (x,y) is a fixed but arbitrary element of
AXx (BNC). Thenx € Aandy € BNC. Since BNC C B, we learn
that (x,y) € A x B, and since B x C C C, we learn that (x,y) € A x C.
Since (x,y) is in both of these sets, it is also in their intersection. This
shows that

Ax(BNC)C(AxB)Nn(AxCQC).

Now suppose that (x,y) is a fixed but arbitrary element of (A x B) N
(A x C). Then (x,y) isinboth A x Band A x C. Thus x € A and y is
in both B and C. This precisely means that (x,y) € A x (BN C), so

(AxB)N(AXxC)C Ax (BNCQ).
Since we have demonstrated both inclusions, we learn that
Ax (BNC)=(AxB)N(AxC).

The proof of the second identity follows a similar pattern.



