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Goals: Rolla's theorem
-

· Mean value theorem

· sign of f'(x) detects increasing/decreasing

Rolle's Im Let fila, b)- 1 be continuous
,
differentiable

over (a, b) , and such that fial = f(b) . Then there is

at least one c in (a , b) such that f'() = 0 .

If Let k = f(a) = f (b).

Cas f(x) = b for all x in (a , b) -
* - k
f

Thum f'(x) = 0 for all x in (a,b) a

C "

C2 : There exists in Carb) such that f(x) > h.



By the extreme value theorem , I has an absolute max
on Ta,b)

,
and this occurs at some c in Casb).

By Format's theorem
,

c is a critical point , so f'(d =0.

cas : There exists x in (a
,b) such that f(x) < k.

Use a similar argument !

Ne Must havef difft for Rolle to apply :

Also must havef continuous:
· &

G



#Consider f(x) = x - qx = x(x- - 9) = x(x +3)(x - 3)
.

Since f(0) : f(3) = f(3) = 0
, know has a critical point

in (3
,
0) and in 10 ,3) by Roller.

Check : f(x) = 3x - 9 = 3(x2 - 3) = 3(x + 5)(x -5)
has roots at x = It
--

What if f(a) f (b) ? ~Setsoa
~: slope fir
:



Mean value theor Let f be continuous over lab,

diff'l over (a, b) . Then there exists at least our c in (a , b)
such that f'(d) : f fl

If Set g(x) = f(x)-(ta(x-a + f()
-

A
X f

b

Then
of is continuous on lab)

,
diff) on (a

, b) , and



g(a) = g(b) =0 . By Rolle , there exists in lab)
with

g'(c) = 0 .

But g(x) = f'(x) - Afl i
so 0 = g'(c) = f'(c) -A
=> f'() = Afl

Aplication If a car's average speed exceeds

the speed limit , then there is at least one moment

when the car's instantaneous speed exceeds the spend
limit.



Three corollaries of MVT :

Cor Letf be diff') over an interval I.

If f(x) = 0 for all x in I
,
then f(x)

is constant on I.

"If you don't change , you stay the same !
"

If supposef is not constant and take a lb with f(altf(b).

ThenAf 0 - there is some in I with f"(c)=flat
contradicting hypothesis *
that f = 0 .

⑫ If fig diffl on an interval [ and f'(x) =g(x)
for all x in I

,
then f(a) = g(x) + c for some constant C .



If Apply Cor 1 to f(x)-g(x) .= h(x) . Indeed , h(x) = f'(x)
-g(x

= 0 = h(x) =C= f(x) =g(x) + c . 8

Cas Let t be continuous on [a , b] , diffl on Carb)·

(i) If f(x)>0 for x in (a,b)
,

then f is increasing on las b].

(ii) If 8,(x) <0 for x in (a, b) , then f is decreasing on [asb]·

#(i) For contradiction
, suppose f not increasing on I,

so there exist ask in 1 with f(b) < f(a). increasing:
By MVT , there exists a in lasb) with

d

f(c) < f(d)
f'()= I Decreasina

a contradiction ! f(c) f(d)



Migh

·
f(x) =g(x)
=> g(x) = f(x)

+ C


